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^ , Abstract 
<■ 

' We give some fundamental properties of the induced structures on 

(N ■ submanifolds immersed in almost product or locally product Rieman- 

■ nian manifolds. We study the induced structure by the composition of 
p— I, two isometric immersions on submanifolds in an almost product Rie- 

' mannian manifold. We give an effective construction for some induced 

Q I structures on submanifolds of codimension 1 or 2 in Euclidean space. 

d '. Introduction 

S: 

I— I . The geometry of submanifolds with induced structures in Riemannian man- 

^ I ifolds was widely studied by many geometers, such as K. Yano and M. Kon 

^ ' ( |3S] , |nZ| , |nS| , IHHI ) • An investigation of the properties of the almost prod- 

. uct or locally product Riemannian manifolds has been made by M. Okumura 

^ ; (122]), T. Adati and T. Miyazawa ([l], [2]), M. Anastasiei([lj), G. Piti§ ([aO]), 

00 ; X. Senhn and N. Yilong (|SS1), A. G. Walker (,35|), M. Atgeken, S. Kele§ 

^ ' and B. §ahin (0, [HSl)) etc. Also, the properties of the almost r-paracontact 

(<~^ , structures were studied by A. Bucki and A. Miernovski ([^, JH]), T. Adati 

and T. Miyazawa (0), S. Ianu§ and I.Mihai (1201), J. Nikic ([2H]), etc. 

The purpose of this paper is to give some properties of the submanifolds 
with a (P, g, eS^aj^a, (aa/3)r) structure induced by a P structure defined on a 
• . , Riemannian manifold {M,g), with = el and the compatibility equality 

I (1-2) between g and P (where / is the identity on M and e = ±1). The 

g,e(,a,Ua,i'^a/3)r) Structure is determined by an (l,l)-tensor field P on 

■ M, tangent vector fields on M, 1-forms Ua on M and a r x r matrix {aaj3)r, 
where its entries aaf3 are real functions on M {a, (3 G {1, r}). Particularly, 
for e = 1, the P structure on {M,g) becomes an almost product structure. 

This paper is organized as follows: in section 1 we construct the structure 
{P, g, e(,a,Ua, {0'a(i)r)-, induced on a submanifold in the Riemannian manifold 
{M,g, P) with the conditions (1.1) and (1.2), in the same manner like in |2j. 

In section 2, we give the fundamental formulae for (P, g,e(,a,Ua, (oQ,/3)r-) 
induced structure on a submanifold in the Riemannian manifold {M,g,P), 
with VP = 0. 
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In sections 3 and 4, we shall investigate the necessary and sufficient 
conditions for a submanifold with {P, Qj^aj'^^aj {^ai3)r) induced structure, 
immersed in a locally Ricmannian product manifold to be normal (relative 
to the commutativity of the endomorphism P and the Weingarten operators 
Aa on M) and show further properties of this kind of submanifold. 

In section 5, we prove that the composition of two isometric immersions 
M ^ M ^ M induces on a submanifold M of co dimension 2 in an almost 
product Riemannian manifold {M,g,P) a {P,g,ui,U2,^i,^2->{C'ap)) struc- 
ture determined by a (i',^, ^2,^2,022) structure on M (induced by {P,'g)) 
and a (P, 3, ui, ^1, an) structure on M (induced by (P,^, 1x2, ^2, 022)), where 
0-12 = 0-21 = diC-tj^i) and A'^i is a unit normal vector field on M. 

In section 6, we show some properties of {P, g,^a,Ua, {aai3)r) induced 
structures on the submanifold of codimension 1 or 2 in an almost product 
Riemannian manifold {M,g,P). 

In section 7, we give an effective construction for some (P, g, ^a,Ua, {aai3)r) 
induced structures on hyperspheres or submanifolds of codimension 2 in Eu- 
clidean space. 

I would like to express here my sincere gratitude to Professor Dr. Mihai 

Anastasiei (from " Al.I.Cuza" University - lasi, Romania) who gave me many 
suggestions to improve the first draft of this paper. 

1 (P, g, £^a, Ua, {aa(3)r) induced structure on subman- 
ifolds in Riemannian manifold 

Let {AI,g) be a Riemannian manifold, equipped with a Riemannian metric 
tensor g and a (1,1) tensor field P such that 

(1.1) P^ = el, e = ±l 

where I is the identity on M. We^uppose that g and P are compatible in 
the sense that for each U,V e x(M) we have that 

(1.2) g{PU,PV)=g{U,V), 
which is equivalent with 

(1.3) g{PU, V) = egiU, PV), (V)[/, V G x{M) 

for each U,V E x(M), where x{^) is the Lie algebra of the vector fields on 
M. 

For £ = 1, P is an almost product structure and the Riemannian man- 
ifold {M,g,P), with the compatibility relation (1.2), becomes an almost 
product Riemannian manifold. 

Let M be an n-dimensional submanifold of codimension r in a Rieman- 
nian manifold {M,g,P) which satisfied the relations (1.1) and (1.2). 
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We make the following notations throughout all of this paper: X, Y, 
Z, ... are tangential vector fields on M. We denote the tangent space of 
M at X e M by T^{M) and the normal space of M in x by T^{M). Let 
(iVi, ...,Nr) := {Na) be an orthonormal basis in T^[M), for every x £ M. 
In the following statements, the indices range is fixed in this way: a, (3, 7... G 
{1, We shall use the Einstein convention for summation. 

The decomposition of the vector fields PX and PN^ respectively, in the 
tangential and normal components of M has the form: 



(1.4) 

for any X S x{^) ^-iid 
(1.5) PNo. 



PX = PX + y"ua{X)N, 



a 



/3 



(e = ±1) 



where P is a (1,1) tensor field on M, ^q, are tangent vector fields on M, 
Ua are 1-forms on M and {aaj3)r is an r x r-matrix and its entries aa(3 
are real functions on M. If e = 1, the formulae in the next theorem were 
demonstrated by T.Adati (in 0). 

Theorem 1.1. Let M he an n-dimensional submanifold of codimension r 
in a Riemannian manifold {M,g), equipped by an (1,1) -tens or field P, such 
thatg and P verify the conditions (1.1) and (1-2). The {M,g,P) structure 
induces on the submanifold M a {P,g,Ua,££,a, {0'ap)r) Riemannian structure 
which verifies the following properties: 



(1.6) 



and 



(1.7) 



H) P^X = e{X-Y.o.u^{X)ia), 

(a) Ua (PX) = - E/3 afSaU(3 {X) , 

(Hi) aaf3 = ea/sa, 

{v) P^a = - E/3 Oa/SC/S 



f(i) Ua{X)=giX,U, 

(ii) g{PX,Y)=eg{X,PY), 
[ (iii) g{PX, PY) = g{X, Y) - n„(X)n„(y), 



for any X,Y £ x{M). 

Proof: Applying P in the equality (1.4) we obtain that 



P^X = P{PX) + Ua{X)P{Na) 



a=l 
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for every X G x{^)- 

Prom (1.1), (1.4) and (1.5) we have 

eX = P^X + eY, Ua{X)io. + ^(«^(PX) + ^ u,,{X)a^p)N0, 

a p a 

for every X G x(M), and from this, it results (i) and (ii) from the relations 
(1.6). Furthermore, the equality (i) can be written in the following form 

{{)' P^ = e{I-^Ua(^Ca) 

a 

Applying the equality (1.3) to the normal vector fields and Nj^, re- 
spectively and using the equality (1.5) follows that 

7=1 7=1 

and from this we obtain the equality (iii) from (1.6). 

From P'^Na = eN^, using the relations (1.4) and (1.5) we obtain 

= S:{P^a + '^ap^p) + ^l^Upi^a) + ^ aa^a-yp]Ni3 
13 P 1 

SO 

eNa = e{P^a + Y aap^p) + ^[eupi^a) + Y aaja^p]Np 
p p 1 

Identifying the tangential components from the last equality we obtain (v) 
from (1.6) and identifying the normal components from the last equality we 
obtain (iv) from (1.6). Applying the equality (1.3) to the vector fields X 
and Na respectively, we obtain 

giPX,N^) = eg{X,PNa) 

and from this it follows that 

g{PX + ^ up{X)Np,N^) = sg{X, + ^ UapNp) 

for any tangent vector fields X on M, so we obtain the equality (i)(1.7). 

Applying the relations (1.3) and (1.4) to the tangential vector fields X 
and Y on M we obtain 

giPX, Y) = giPX, Y) = g{P^X, PY) = eg{X, PY) = eg{X, PY) 
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and from this we have (ii) from (1.7). 



Replacing Y by PY in the equality (ii) from (1.7) and using the equality 
(i) from (1.6) we obtain 

g{PX, PY) = eg{X, P^Y) = e\g{X, Y)-^, UaiY)giX, ^^)), 

for any X,Y £ x(M). From = 1 and using (i) from (1.7), we obtain the 
equality (iii) from (7). □ 

Remark 1.1. Particularly, for e = — 1 and a = (if we omit the met- 
ric g), we obtain a {P,Ua,—^a) induced structure, which has the following 
properties: 



(1- 



{{} P^x = -X + MX)U (V)^ e x(M) 

(a) UaOP = 0, 

{iii) Ua{Cp)=Sap, 

^{iv) P^a = 0. 

Applying P in the equality (i) from (1.8) we obtain 
(1.9) P^ + P = 

Therefore, P is an /(3, l)-structure and the manifold M endowed with 

a {P,Ua, —^a) structure is a framed manifold. Besides, wc can call this 
structure an almost r-contact structure. If r=l, then we call this structure 
an almost contact structure. 

Definition 1.1. For e = —1 and a = 0, the {P, g, u^, — ^o) induced structure 
by P from {M,g), with the properties (1.7) and (1-8) is called an /(3, 1) 
Riemannian structure. 

Remark 1.2. Particularly, for £ = 1 and a = the {P,Ua,^a) induced 
structure on M has the following properties: 



(1.10) 



■ {i) P^x = x- uUX)U (V)x e x{M) 

{ii) UaoP = 0, 

{iii) Ua{C/3) = 6af3, 
{iv) P^a=0. 

Applying P in the equality (i) from (1.10) we obtain 
(1.11) P^-P = 

Therefore, P is an /(3, —1) structure on M, and {P, Ua, ^a) induced structure 
on M, with the properties (1.10) is called an /(3, — 1) framed structure. 
Besides, this kind of structure is called an almost r-paracontact structure. 
For r=l we obtain an almost paracontact structure. 
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Definition 1.2. For e = 1 and a = 0, the (P, g, Ua,^a) induced structure on 
M, with the properties (1-10) and (1-7) is an /(3, —1) Riemannian structure. 

Remark 1.3. Therefore, the {P, g,Ua, £Ca, («a/3)r) induced structure on M 
by the P structure on (M,g) (which verifies the relations (1.1) and (1.2)) is 
a generahzation of an almost r-contact Riemannian structure and an almost 
r-paracontact Riemannian structure, respectively. 
Thus, we have the following situations: 

(I) : For e = — 1 and a = 0, we obtain an /(3, 1) structure and the structure 
{P, g,Ua, —(,a) becomes an almost r-contact Riemannian structure; 

(II) : For e = 1 and a = 0, we obtain an /(3, —1) structure and the structure 
{P, g,Ua,£,a) becomes an almost r-paracontact Riemannian structure. 

Definition 1.3. A {P, g,Ua,£S,a, icLa/3)r) structure on a submanifold M of 
codimension r in a (M, g, P) Riemannian manifold with the proprieties (1-1) 
and (1-2), which verifies the properties (1-6) and (1.1) is called an {a,£)f 
Riemannian structure. 

Remark 1.4. The case of the (a, — 1)/ Riemannian structure was studied 
by K. Yano and M. Okumura (in [SII and [SH|). 

In the following issue, we suppose that e = 1. Therefore, the P structure 
on the Riemannian manifold {M,g), which satisfies the relations (1.1) and 
(1.2), is an almost product structure. 

Remark 1.5. If we suppose that ^i, ...,^r are linearly independent tangent 
vector fields on M, it follows that the 1-forms ui, ...,Ur are linearly indepen- 
dent, too. The equality 

r 

J^A%,(X) = 

a=l 

is equivalent with 

= ^"9(^, U = 9{X, ^ X^U, (V)^ G X(M) 
a a 

thus 

r 

A^Ca = ^ A" = 

a=l 

and from this we obtain that ui, ...,Ur are linearly independent on M. 
Remark 1.6. We denote by 

(1.12) = {X, G T,M : u«(X,) = 0}, 

for any a G {1, r}. We remark that is an (n — r)-dimensional subspace 
in TxM and the function 

(1.13) D -.x^ D^, (V)x G M 
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is a distribution locally defined on M. If X € D, from (1.6) (ii) we have 
(1.14) Uo^iPX) = -Yl apaUpiX) = 0, 

/3 



for any X G D, then PX G D. Therefore D is an invariant distribution 
with respect to P. 

If is an orthogonal supplement of in T^M, then we obtain the 
distribution : x i— > D-^. Furthermore, we have the decomposition 



(1.15) T^M = D, e 

in any point x G M. From (1.7) (i) it follows that the vector fields .^q, 7^ 
are orthogonal on Dx and £,ci £ Dx- Thus, if ^q, 7^ for any a G {l,...,r}, 
then Dx is generated by ^1, ■■■,^r and Dx is r-dimensional in TxM. 

From (1.6)(v) we remark that the space Dx is P-invariant and P satisfies 

(1.16) P'^X = X, 
and 

(1.17) g{PX,PY) = g{X,Y), 

for all X,Y £ D. Thus P is an almost product Riemannian structure on D. 
Furthermore, rank{P) = n — r on D and its eigenvalues are 1 and -1. 

Remark 1.7. Let {A'^i, A^,.} and {A^(, A'!'.} be two orthonormal basis 
on a normal space T^f M. The decomposition of N'^ in the basis {A^i, N.^} 
is the following 

r 

(1.18) K = Y,klN,, 

7=1 

for any a G {1, r}, where {k^) is an r x r orthogonal matrix and we have 
(from [2]): 

(1.19) < = ^fc>^ 



(1.20) i'a = Y.^li', 

7 

and 

(1.21) aa/3 = E^X5^? 

7 

From (1.20) we have that if ^i,...,^r are linearly independent vector fields, 
then ^J, are also linearly independent. 
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2 The fundamental equations of submanifolds with 

(P, g, Ua: {aap)r) structures 

In this section, we suppose that the Riemannian manifolds {Ad,g) are en- 
dowed with a (1,1) tensor field P on M, which verifies the equalities (1.1), (1.2), 
and the structure P is parallel with respect to the Levi-Civita connection V 
of ^. Let M be an n-dimensional Riemannian submanifold of codimension r, 
isometric immersed in M and {P, g,Ua,(,ai («a/3)r) is the induced structure 
by the structure P on (M,g). We denoted by V the induced Levi-Civita 
connection on M. We assume that {Ni, Nr) := (Na) is an orthonormal 
basis in the normal space TxM-^ at M in every point x G M. In the fol- 
lowing, we shall identify the vector fields in M and their images under the 
differential mapping, that is, if we denote the immersion of M in N by z and 
X is a vector field in M, we identify X and i^X, for all X £ xi^)- 
The Gauss and Weingarten formulae are: 

r 

(2.1) VxY = VxY + Y,ha{X,Y)N^, 
and 

(2.2) VxNa = -Ao,X + ViiV„, 
respectively, where 

(2.3) K{X,Y) = g{A^X,Y), 

for every X,Y £ x{^)- 

For the normal connection Slj^Na, we have the decomposition 

r 

(2.4) ViiV, = ^/,^(X)iV^, 

13=1 

for every X G x{^)- Therefore, we obtain an r x r matrix {lapiX))^- of 
1-forms on M. From 'g{Na,Np) = Sap we get 

g{Vj,Na,Np)+g{Na,VjcNp) = 
which is equivalent with 

g{Y, la^{X)N^,Np) + g{Na, J2 bii^W = 0' 

7 7 

for any X £ x(M). Thus, we have 

(2.5) lal3 = —ll3a, 

for any a, f3 £ {1, r}. 

For £ = 1, the following formulae were demonstrated by T.Adati (in P]). 
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Theorem 2.1. Let M be an n-dimensional submanifold of codimension r in 
a Riemannian manifold {M,g,P) (with the properties (1-1) and (1.2)). If 
the structure P is parallel with respect to the Levi-Civita connection V ofg, 
then the {P,g.,Ua,e^a,{o-af3)r) induced structure on the submanifold M has 
the following properties: 

(i) {VxP) (Y) =eT.aK {X, Y)i^ + E„ n„ {Y)A^X, 
{ii) (Vxn„)(y) = PY) + up{Y)l^p{X) + hp{X, Y)apo 

{in) VxCa = -eP{AaX) + e E/3 a^pApX + lap{X)ii3, 
_ {iv) X{aai3) = -eUaiApX) - n_a(ylaX) + Y.'^[la-t{X)a^i3 + lfj^{X)aa-(\ 



(2.6) <^ 



Proof: From the assumption that VP = we have 

(2.7) Vu{PV) = P{VuV), 

for any tangential vector fields U and V on M. Using the Gauss and Wein- 
garten formulae, we obtain from (2.4) that 

(2.8) Vx{PY) = VxPY + X{ua{Y))N^ + n„(y)VxA^a = 

a a 

= VxPY-Y,MY)AaX+Y,[haiX,PY)+X{ua{Y))+Y,MY)hc^{X)]N^ 

a a /3 

On the other hand, we have 

P{VxY) = P{VxY) + ^ h^{X, Y)PN^ 

a 

and from this we obtain 

(2.9) P{VxY)=P{VxY)+eY,K{X,Y)i^+ 

a 

Prom we know that: 

(2.10) (VxP)(y) = Vx(Py) - P{VxY) 
and 

(2.11) {VxUa){Y) = X(n„(y)) - u^{VxY) 

Using the relations (2.8), (2.9) in (2.7), we obtain (i) and (ii) from (2.6), 
from the equality of the tangential components of M (and the normal com- 
ponents of M, respectively) from the both parts of the equality (2.7). 
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In the next, we apply Vx in (1-5) (with X G xi^)) ^'^d using the 
equahty (2.7), (with Y = Na), we get 

(2.12) VxiPNa) = P{VxNa) 
From (2.12) we obtain 

(2.13) VxiPNa) = Vxie^a + 5I«a/3A^^) = 

= e^xia - aapApX + ^[^(aa/j) + ehp{X, C«) + ^ • l^p{X)\Np 

13 13 7 

and 

(2.14) P(VxiV«) = P(-A„X + ^apNp) = 

13 

= -P{A^X) + eY,lap{X)i0 - YlM^ocX) -Y^iM^Mp 

13 13 1 

Using the relations (2.13) and (2.14) in the equality (2.12) and identifying 
the tangential and the normal components at M, respectively, we obtain the 
relations (iii) and (iv) from (2.6). □ 

Remark 2.1. The compatibility condition VP = 0, where V is Levi-Civita 
connection with respect of the metric y implies the integrability of the struc- 
ture P which is equivalent with the vanishing of the Nijenhuis torsion tensor 
field of P: 

(2.15) Np{X,Y) = [PX,PY] + P\X,Y] -P[PX,Y] -P[X,PY]. 
For this assumption, we have the next general lemma: 

Lemma 2.1. We suppose that we have an almost product structure Q on a 
manifold M and a linear connection D with the torsion T. If Nq is Nijenhuis 
torsion tensor field of Q, then we obtain: 

(2.16) NgiX, Y) = {DqxQ){Y)) - {DqyQ){X) + {DxQ){QY)- 

-{DyQ){QX) - T{QX, QY) - T{X, Y) + QT{QX, Y) + QT{X, QY), 

for any X,Y £ xiM). 

Proof: From the definition of the torsion T follows that : 

(2.17) [X,Y]=DxY-DyX-T{X,Y), 
and from this we get 

(2.18) [QX, QY] = DqxQY - DgyQX - T{QX, QY), 
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and 



(2.19) [QX, Y] = DqxY - DyQX - T{QX, Y), 
and 

(2.20) [X, QY] = DxQY - DqyX - T{X, QY). 

Using the relations {DxQ)Y = DxQY - Q{DxY), Q'^ = I and DxY = 
DxQ^Y = DxQiQY) and replacing the relations (2.17), (2.18), (2.19) and 

(2.20) in the formula of Nijenhuis torsion tensor field of Q, we obtain : 

Nq{X, Y) = {DqxQ){Y) - {DqyQ){X) + DxY - DyX + Q{DyQX)- 

-Q{DxQY) - T{QX, QY) - T{X, Y) + QT{QX, Y) + QT{X, QY) = 
= {DqxQ){Y) - {DqyQ){X) + (DxQiQY) - Q{DxQY)) - {DyQ{QX)- 

-Q{DyQX)) - T{QX, QY) - TiX, Y) + QT{QX, Y) + QT{X, QY) 
so, we obtain the equality (2.16). □ 

Remark 2.2. From the last mentioned lemma, we remark that if we have 
T = and DQ = then the structure Q is integrable. An integrable almost 
product structure is also called locally product structure. 

Corollary 2.1. If M is a totally geodesic submanifold in a locally product 
manifold {M,P,'g) and the normal connection V"*" vanishes identically (that 
is ^ap = then the {P,g,Ua,^a,{0'ai3)r) induced structure on M has the 
following properties: 

VP = 0, Vu = 0, = 0, a = constant 

In the following issue, we suppose that (M, g, P) is an almost product 
Riemannian manifold, endowed by a linear connection V such that VP = 
and with the torsion T 7^ 0. Let (M,g) be a submanifold of the {M,g,P) 
Riemannian manifold, endowed with the linear metric g induced on M by 
the metric g and let V be the induced connection on M by the connection 
V of M . 

The Gauss formula has the usual form: 

^xY = VxY + h{X, Y) (V)X, Y G x{M) 

where 

h{X,Y) = J2h''{X,Y)N^ 

a 

and V is a metric connection on M (i.e V5 = 0) but it is not the Levi-Civita 
connection of g and his torsion has the form 

(2.21) T{X, Y) = f{X, Y) - h{X, Y) + h{Y, X), 
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for any X,Y £ x{M). We remark that the second fundamental form h is 
bihnear in X and Y, but it is not symmetric. If tlic torsion T = 0, then 
T = if and only if the second fundamental form h is symmetric. 

Let c : [a, b] — > M, 1 1 — > c{t) a smooth curve on M. We denote by 

(2.22) c:ti — >c{t) = — — 
the tangent vector field to c. 

Definition 2.1. IfVcC = then we say that the curve c is M-autoparallel. 

Proposition 2.1. If c is M-autoparallel curve, then c is also, M-autoparallel 

curve and h{c,c) = 0. 

Proof: From the Gauss formula for X = Y = c we get 

(2.23) VcC = VcC + h{c, c) 

But c is M-autoparallel, so Vac = and using the equality (2.23) we obtain 
VcC = and /i(c, c) = 0. □ 

Definition 2.2. A submanifold M is said to be autoparallel in M if any 
M-autoparallel curve of submanifold M in M is also M-autoparallel. 
We denote by 

ShiX,Y) = ^ih{X,Y)-\-h{Y,X)) 

the symmetric part and by 

ah{X,Y) = ^{hiX,Y)-h{Y,X)) 

the skew-symmetric part, respectively, of the bilinear form h. We remark 
that 

(2.24) h{X,Y) = Sh{X,Y) + ah{X,Y), 
for any X,Y £ x{M). 

Proposition 2.2. A submanifold M C M is autoparallel in M if and only 
if Sh = 0. 

Proof: Prom the Gauss formula for X = y = c we obtain 

(2.25) VcC = VcC + Sh{c,c) 

If s/i = follows that VcC = Vac, so any M-autoparallel curve is also M- 
autoparallel. 

Conversely, if any M-autoparallel curve is also M-autoparallel, then 

Sh{X, X) = for any X G x{M). Particularly, we have Sh{X + Y, X + Y) = 
and from this we obtain Sh{X, y) = for any X,Y £ x(-^)) so s/j = 0. □ 
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Remark 2.3. The Weingarten formula is not affected by the non- vanishing 
of the torsion T on M and of the torsion T on M, thus 

VxN = -AnX + Vj,t 

for any X G x{M) and N € r(TM^). If F € x{M) we have g{Y, N) = so, 
X(g{Y, N)) = for any X,Y G x(M) and this equahty is equivalent with 

(2.26) 9{VxY, N) + g{Y, VxN) = 

Using the Gauss and Weingarten formulae in (2.26), we obtain 

(2.27) g{ANX,Y)=g{h{X,Y),N), 
and 

(2.27) ' g{ANY, X) = g{h(Y, X),N), 

for any X,Y e x{M),N e r{TM-^). Thus, from (2.27) and (2.27)' we get 

(2.28) giA^Y, X) + giA^X, Y) = 2g{sh{X, Y),N), 

for any X,Y £ x{M),N G T{TM^). 

li Sh = then we obtain g{ANY,X) = -g{ANX,Y). 

Proposition 2.3. A submanifold M C M is autoparallel in M if and only 
if 

(2.29) g{ANY, X) + g{ANX, Y) = 0, 

for any X,Y € x{M) and N £ r(TM-^). 

In the following statements, we suppose that VxPY ^ P(Vx^)- 
We denoted by V the (l,2)-tensor field on M, such that 

(2.30) V{X, Y) = VxPY - P{^xY), 
and 

(2.31) V{X, N) = VxPN - PiVxN), 

for any X G x{M) and N G r(TM-L). 

Wc denote the tangential and normal components on M of V^XjY) by 
V{X, Y)^ and V{X, Y)-^ , respectively, and the tangential and normal com- 
ponents on M of r{X, Na) by V{X, NaV and r{X, N^)-^, respectively. 

If we omit to put the condition VP = in the Theorem 2.1, then we 
obtain a generalization of this: 
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Theorem 2.2. Let M be an jn- dimensional submanifold of codimension r 
in a Riemannian manifold {M,g,P) (which satisfied the conditions (1-1) 
and (1-2)). Then the structure {P, g,Ua,e^aj iO'ai3)r) induced on M by the 
structure P has the following properties: 

' {i){VxPW) = V{X, YY + e h^{X, Y)i^ + Ua{Y)A^X, 
{ii){V xUaW) = g{V{X, y), N^) - haiX, PY)+ 
.2 J + T^piM^apiX) + h^{X, Y)ap^) 

^ ^ (m)Vxea = r{X, N^V - eP{AaX) + e^/? aapApX + lap{X)^p, 
{iv)X{aaf3) = g{V{X,Na),Np) - eua{ApX) - up{A^X)+ 

+ ^'y[^ay{X)a^i3 + lj3j{X)aa'y] 

for any X,Y £ xi^). 
Proof: Prom (2.8) we have 

Vx{PY) = VxPY -^Ua{Y)Ac,X+ 

a 

+ J2[ha{X,PY)+XiUa{Y)) + ^U0{Y)l0a(.X)]N^ 
a p 

and from (2.9) we have 

H^xY) = P{VxY)+eY,K{X,Y)^o.+YM<-^^xY)+Y,h(i{X,Y)a0^\No, 

a a p 

Prom the last two equahties we obtain 

(2.33) ViX, Y) = {VxP)(Y) - ^ Ua{Y)AaX - e ^ /ia(X, y)e„+ 

a a 

+ Y,[ha{X,PY) + {VxUa){Y) + Y,M"^)hoc{X) -Y,hp{X,Y)ap^]N^. 

<x P P 

Thus, identified the tangent and the normal parts respectively, from (2.33) 
we obtain (i) and (ii) from (2.32). 
Prom (2.13) we have 

{X)]Np 

P P 7 

and from (2.14) we have 

P{^xN^) = -P{AaX)+eJ2lap{X)Cp-Yl[up{AaX)-J2a-yplaj{X)]Nf} 

p p J 

Replacing the last two equalities in (2.31) we obtain 

(2.34) nx, N) = sVx^a + PiA^X) - e J] lap{X)^p - ^apApX+ 

P P 
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/3 7 

Identifying the tangential and normal components, respectively, of V{X, Na) 
from (2.34), we obtain the relations (iii) and (iv) from (2.32). □ 



3 The normality conditions of the (P, g, Ua, ^a, {ci'ap)r) 
structure 

Let M be an n-dimensional submanifold of codimension r in a Riemannian al- 
most product manifold {M,g,P). We suppose that the {P, g,Ua,Ca, (ao/3)r) 
induced structure on M, is an (a, 1)/ Riemannian structure, where the el- 
ements P,g,Ua, (,a, {0'ap)T Were defined in section 1. Let V and V be the 
Levi-Civita connections defined on M and M respectively, with respect to g 
and g respectively. 

The Nijenhuis torsion tensor field of P has the form 

(3.1) Np{X,Y) = [PX,PY]+ P'^[X,Y] - P[PX,Y] - P[X,PY], 

for any X,Y e x{M). 

As in the case of an almost paracontact structure (|25j). one can defined 
the normal {P, g,Ua,Ca, (aa/3)r) structure on M. 

Definition 3.1. If we have the equality 

(3.2) Np{X,Y)-2Y,dua{X,Y)^^ = 0, 

a 

for any X,Y £ xi^), then the {P, g,Ua,Ca, icLai3)r) induced structure on 
submanifold M in a Riemannian almost product manifold {M,g,P) is said 
to be normal. 

First of all, we mention a general proposition: 

Proposition 3.1. If {M,g,P) is an almost product manifold, then the Ni- 
jenhuis tensor of P verifies that 

(3.3) Np{X, Y) = {VpxP){Y) - (VpyP)(X)- 

-P[{VxP){Y)-iVyP){X)], 

for any X,Y £ x(^); where V is the Levi-Civita connection on M . 
Proof: From the equality 

(3.4) i^xPKY) = VxiPY) - P{VxY), 
for any X,Y £ x(M), we obtain 

(3.5) Vx{PY) = {VxP){Y) + PiVxY), 
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for any X,Y ^ x{^)- Inverting X with Y in (3.5) we obtain 

(3.5) ' Vy(PX) = (VyP)(X) + P(VyX), 

for any X, "K € x{^)- So, from the relations (3.5) and (3.5)', it follows that 

(3.6) Vx{PY) - Vy{PX) = {VxP){Y) - (VyP)(X) + P{[X, Y]), 

for any X,Y £ xi^)- Then, inverting X with PX in the equality (3.4) we 
obtain 

(3.7) {VpxP){Y) = Vpx{PY) - P{VpxY), 

for any X,Y £ x(^)- Inverting X with Y in the last relation, we obtain 

(3.7) ' ( Vpy P) (X) = VpyPX - PVpyX, (V)X, Y e x{M) 
Using (3.7) and (3.7)' in 

[PX,PY] = VpxPY - VpyPX 

it follows that 

(3.8) [PX, PY] = {VpxP){Y) - {VpyP){X) + P{V pxY - VpyX), 
for any X,Y ^ x{^)- O^i ths other hand, we have 

(3.9) P[PX, Y] = PVpxY - PVyPX, (V)X, Y £ x{M) 
and 

(3.10) P[X,PY] = PVxPY - PVpyX, (V)X,y G x{M) 
From (3.8), (3.9), (3.10) we obtain 

Np{X,Y) = {VpxP){Y)-{VpyP){X) + PVpxY-PVpyX+P\[X,Y])- 

-PVpxY + PVpyX - P[V x{PY) - Vy(PX)] 
and using (3.6) in the last equality we have 

Np{X,Y) = {VpxP){Y) - {VpyP){X) + P\[X,Y])- 

-P[{VxP){Y) - (VyP)(X)] - P'{[X,Y]) 

and from this we obtain the equality (3.3). □ 
From [2^ we have: 

Definition 3.2. // {M,g,P) is an almost product Riemannian manifold 
such that VP = 0, then we say that M is a locally product Riemannian 
manifold. 
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Corollary 3.1. If M is a totally geodesic submanifold of a locally prod- 
uct Riemannian manifold {M,g,P), with the {P, g,Ua, ^a, {a.a(3)r) induced 
structure on M, then we have Np(X, Y) = 0, for any X,Y & x{^)- 

Theorem 3.1. If M is a submanifold of a locally product Riemannian mani- 
fold (M, g, P), with {P, g, Ua,(,a, [o-apjr) induced structure and V is the Levi- 
Civita connection defined on M with respect to g then, the Nijenhuis torsion 
tensor field of P has the form: 

(3.11) NpiX,Y) = - ^giiPAa - AaP)iX),Y)Ca- 

a 

a a 
for any X,Y & xi^'^)- 

Proof: Prom (2.6) (i) (Theorem 2.1) for £ = 1, we obtain 

(3.12) {VxP)iY) = J29iAaX,Y)^a + J29iY,^a)AaX 

a a 

and if we invert X by Y, we obtain 

(3.12) ' (VyP)(X) = J2 9{AaY, X)^^ + J2 9{X, ^a)AaY 

a a 

Replacing X with PX in the equahty (3.12), we obtain 

(3.13) iVpxP){Y) = J29iAaPX,Y)^a + J29iY:^a)Aa{PX) 

a a 

If we invert X by Y then we obtain 

(3.13) ' (VpyP)(X) = J2 9iAaPY, X)Ca + J2 9iX, U)A^PY 

a a 

Replacing the relations (3.12), (3.12)', (3.13), (3.13)' in the equality (3.3) 

it follows that 

(3.14) Np{X,Y) = Y,[g{A^PX,Y) - g{A^PY,X)]^^+ 

a 

+ y\g{Y, i^)A^ {PX) -g{X, e^) A« (PY) - {g{Ao,X, Y) - g{A^Y, X)) P^^] - 

=0 

- ^[5(y, ia)P{A^X) - g{X, U)P{A^Y)] 

a 

But we have 

(3.15) g{A^PY, X) = g{PY, A^X) = g{Y, PA^X) = g{PA^X, Y) 
and using the equality (3.15) in (3.14) we obtain (3.11). □ 
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Corollary 3.2. Let M be a submanifold of codimension r in a locally product 

Riemannian manifold {M,g,P), with a {P, g,Ua,Cai {(^■ai3)r) induced struc- 
ture on M and let V be the Levi-Civita connection defined on M with respect 
to g. If (1,1) tensor field P on M commutes with the Weingarten opera- 
tors Aa (that is PAa = AaP, for any a G {l,...,r}^ then, the Nijenhuis 
torsion tensor field of P vanishes on M (that is Np{X,Y) = 0, for any 
X,Yex{M)). 

Proposition 3.2. Let M be a submanifold of codimension r in a locally 
product Riemannian manifold (M,g,P). If {P,g,Ua,(,a,iO'ai3)r) is induced 
structure on M and V is the Levi- Civita induced connection onMbyV from 
M then, the 1-forms Ua verify the equality : 

(3.16) 2dua{X, Y) = -g{{PA^ - AaP){X),Y)-^ 

+ J2[lap{X)g{Y,^p) - l^p{Y)g{X,Cp)] 

for any X,Y £ x{M)j where lap are the coefficients of the normal connection 
in the normal bundle T-^{M). 
Proof: We know that 

(3.17) 2dua{X, Y) = X{ua{Y)) - Y{ua{X)) - Ua{[X, Y]), 

for any X,Y e x(M) and {VxUa){Y) = X{ua{Y)) - Ua{VxY). Thus, we 
obtain 

(3.18) XMY)) = {VxUaW) + UaiVxY), (V)X, Y G x(M) 
Inverting X by Y in the last relation, we obtain 

(3.18) ' Y{ua{X)) = {VyUaXX) + ^^(VyX), (V)X, Y e x(M) 
Prom the relations (3.17), (3.18) and (3.18)' we have 

2dUa{X,Y) = {VxUa){Y) - {VYUa){X)+Ua{VxY - VyX - [X,Y]), 

=0 

for any X,Y e x(M) so 

(3.19) 2dUa{X,Y) = (VxUaW) - (Vyu„)(X), 

for any X,Y £ x{^)- From (2.6)(ii) we have 
(3.20) 

(VxUaW) = -giA^X, PY) + g{ApX, y)a„/3 + ^ g{Y, ip)lap{X) 

13 (3 
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and inverting X by Y in (3.20), it follows that 

(3.20) ' 

(VyUaKX) = -9{A^Y, PX) + 9{ApY, X)a^p + ^ g{X, (,p)lap{Y) 

Replacing (3.20) and (3.21) in the equality (3.19) we have 

(3.21) 2du^{X,Y) = -[g{A^X,PY) - g{A^Y,PX)]+ 

+ Y,a^p[g{ApX,Y) - g{ApY,X)] + Y,[lap{X)g{Y,S,p) - l^p{Y)g{X,S,p)\. 

P P 
Furthermore, we have g{AfjX, Y) = g{ApY, X) and 

g{A^X, PY) - g{A^Y, PX) = g{{PA^ - A^P){X),Y) 

and replacing the last two relations in (3.21), we obtain (3.16). □ 

Corollary 3.3. Under the assumptions of the last proposition, if the normal 
connection of M vanishes identically (i.e. l^p = then a necessary and 
sufficient condition for dua = is the commutativity between P and A^ 
(that is PAa = AaP, for any a G {1, ...,r}). 

Proposition 3.3. If M is a jubmanifold of codimension r in a locally prod- 
uct Riemannian manifold {M,g,P), with the {P, g,Ua,Ca, (a^ais),-) induced 
structure on M and V is the Levi-Civita connection defined on M with re- 
spect to g, then we have 

(3.22) Np{X,Y) -2Y,du^{X,Y)^^ = Y,9{X,U{PAa - AaP){Y)- 

a a 

-Y,giY,^a)iPAa - AaP)iX) + Y^igi^ , ^p)lapiX) - giY,ip)l^p{Y))U 

a a,p 

for any X,Y e x{M). 

Proof: The equality (3.22) is obtained from (3.11) and (3.16). □ 

Corollary 3.4. Let M be a submanifold of codimension r in a Rieman- 
nian locally product manifold {M,g,P), with a {P, g,Ua,^a, {0'ap)r) induced 
structure on M. If the normal connection of M is vanishes identically (i.e. 

= Oy) and the (1,1) tensor field P on M commutes with the Weingarten 
operators Aa (that is PAa = AaP, for any a G {l,...,r}) then, M has a 
normal (a, 1)/ Riemannian structure. 

Corollary 3.5. Let M be_a submanifold of codimension r in a Riemannian 
locally product manifold {M,g, P). If the induced structure (P, g, Ua,^aj («a/3)r) 
on M is normal then we obtain 

(3.23) J2^g{X,^a){PAa - A^P)(y) - g{Y,^a)iPAa - A„P)(X)]+ 
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for anyX,Ye x(M). 

Corollary 3.6. Let M beji submanifold of codimension r in a Riemannian 
locally product manifold (M, g, P). If the induced structure (P, g, Ua, ^a, {0'ai3)r) 
on M is normal and the normal connection V"*" of M vanishes identically 
(that is lap = 0), then we obtain the equality 

(3.24) J2g{X,^a){PAa - AaP){Y) = ^ ^(F, Ca)(J'^a - AaP){X), 

a a 

for any X,Y e x(M). 

Proposition 3.4. Under the assumptions of the last corollary, the equality 

(3.24) does not depend on the choice of a basis in the normal space T^{M), 
for any x € M. 

Proof: If {N^^} is another basis in T^f (M), then we have 

(3.25) K = J2sa/3Nf, 

where {sap)r is an orthogonal matrix. 

From the condition VxN'^ = we obtain X(sa/3)-^/3 = for any 
X G M, thus Saf3 are a constant functions on M. On the other hand, 

(3.26) VxK = -A'aX 
and 

(3.27) VxK = Yl ^MNp - SapApX 

Thus, from the relations (3.25), (3.26) and (3.27) we obtain 

(3.28) A',X = Y,SapApX 

Therefore, we have 

(3.29) P< = < + E = < + E «a/3^/37^7 

and 

(3.30) P< = E SocHPNli = £ E + E ^"/3a/37-^7 

P P /3,7 
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So, from (3.29) and (3.30) we obtain 

(3.31) ^'^ = Y^So.p^p 

and 

(3.32) . ^ a'apSp-y = XI «a/3«^7 

O the basis {N[, ...,N!^}, the condition (3.24) becomes 

(3.33) Y.9iX,a ■ (PA'a - A',P){Y) = Y.g{Y,0{P^a - KP){X) 

a a 

From (3.28) and (3.31), we obtain 

(3.34) 9{X, So,pip){Ps^^A^ - s^^A^P){Y)- 

a 
a 

= Y,So,ps^^[g{X,il3) ■ {PA^ - A^P){Y) - g{Y,ip){PA^ - A^P){X)] = 0. 

a 

Prom the orthogonality of the matrix (sq^)^ (that is SafjS^fj = 5q,^) it 
follows that 

(3.35) Y}9{X,U) ■ {PAa - A^P)(Y) - g{Y,i^){PA^ - ^aP)(X)] = 

a 

Therefore, the condition (3.24) does not depend on the choice of a basis in 
the normal space T^{M)) (for any x G M). □ 



In the following we denoted by 
(3.36) 



{i) Ba = PAa-AaP 

(ii) Ca{X,Y) = g{BaX,Y), 



for any X,Y £ x{M) 



Lemma 3.1. Let M be a submanifold in a Riemannian manifold {M,g,P) 
which verifies the conditions (1.1) and (1.2). Let {P, g,Ua,£^a, iO'ap)r) be the 
induced structure on M. Then, the tensor field Ca on M is skew-symmetric, 
thus we have 

(3.37) CaiX, Y) = -CaiY, X), (V)X, Y G x{M) 
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Proof: From (3.36) (ii) we have: 

C«(X, Y) = g{B^X, Y) = g{PA^X - A^PX, Y) = 

= g{PA^X,Y)-9{AaPX,Y) = 
= g{X,AaPY)-g{X,PA^Y) = 
= -g{PA^Y - A^PY, X) = -C,(y, X) 
so Ca is skew-symmetric. □ 

Remark 3.1. Under the assumptions of the theorem 3.1, if we use the 
notations (3.36) then the identities (3.11) and (3.16) have the forms: 

(3.38) Np{X,Y) = Y,[9{X,^a)Ba{Y) - g{Y,^^)Ba{X) - C«(X,y)C„] 



and 

(3.39) 2du^{X,Y) = -Ca{X,Y) + Y,MX)g{Y,^f,) - lap(Y)g{X,^p)] 

P 

for any X,Y e x{M). 

More of them, if the induced structure on M is normal, the equahty 
(3.23) becomes 



(3.40) 



^[giY,UBa{X) - giX,^^)B^{Y)] 



= ^[g{X,^p%p{X) - g{Y,Cp%p{Y)]^^ 
for any X,Y e x{M). 

Remark 3.2. Using the model for an almost paracontact structure Q25j'l. 
we can compute the components A^^^^, N^'^\ N^^^^ and A^*^^^ of the Nijenhuis 
torsion tensor filed of P for the {P, g,(,a,Ua, {aap)r) induced structure on a 
submanifold M in an almost product Riemannian manifold {M,g,P): 



(3.41) 



'{i) N(^){X,Y) = Np{X,Y) -2Za^^dua{X,Y)^^, 

(ii) iVP(X,y) = {£pxUa)Y - {CpYUa)X, 

ini)Ni^\x) = {C^^P)X, 
[{iv) N^^}{X) = {Ci:^up)X, 



for any X, y G x{^) a, /3 G {1, r}, where Np is the Nijenhuis torsion 
tensor field of P and Cx means the Lie derivative with respect to X. 
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Remark 3^. Let M be a submanifold in a Riemannian almost product 
manifold {M,g,P). Prom (3.41)(i) we remark that the iP,g,^a,'U'a,{aaf3)r) 
induced structure on M is normal if and only if A''*^^) = 0. 

Proposition 3.^5. Let^ M be a submanifold in an almost product Rieman- 
nian manifold {M,g,P), with {P, g,Ua,(,a, i(^ai3)r) induced structure on M. 
If the normal connection V"*" = on the normal bundle T-^M vanishes iden- 
tically (that is lap = 0), then the components N^^\ N^^\ M^'^ and A/"^^) of 
the Nijenhuis torsion tensor field of P for the structure {P, g,^a,Ua, {0'af3)r) 
induced on M have the forms: 

'{i) iVW(X,y) = j:^g{X,^a){PAa - AaP){Y)- 
-j:a9{Y,U{PAa-AaP){X), 



(3.42) < 



(ii) N^a\x,Y) = -Y,paa(3g{{PAf,-Af,P){X),Y)+ 

+ E/3 aapup{[X, Y]) + Y.p[MX)ua{ApY) - up{Y)ua{ApX)], 
{Hi) N^^\X) = E/saafsiPAp - A^P){Xy 

-P{PAa - AaP){X) + E/3K(^^^)C/3 + U0{X)Af3^a], 
(iv) N^api^) = -UaiApPX) - upiPA^X)-^ 

+ ^-yiaa-yUfsiA^X) + a^pUa{A^X)] 



for any X,Y £ xiM). 

Proof: From the equality (3.22), with the condition laf3 = 0, we obtain (i). 
Using the equality (3.41) (ii) we have 

A^P(X,y) = PX{ua{Y)) - Ua{[PX,Y]) - PY{ua{X)) + Ua{[PY,X]) = 

= [PX{Ua{Y)) - UaiVpxY)] - [PY{Ua{X)) - UaiVpyX)] + 

V ' V ' 

(VpxMa)m (VpyWa)(X) 

+n„(VyPX) - UaiVxPY) = 
= i^PXUaW) - {VpYUa){X) + [X{v JPY)) - U^VxPY)] - 

^ V ' 

(Vx«a)(Py) 

- [Y{Ua{PX)) - UaiVyPX)] -X{Ua{PY)) + Y{Ua{PX)) = 

(VyUa)(PX) 

= [(Vpx?Xa)(y) - (Vy«a)(PX)] - [{VpYUa){X) - {VxUa){PY)] + 
V ' V ' 

2duoc{PX,Y) 2du„{PY,X) 

-\-X{J2 aapUpiY)) - y(^ aapupix)) = 
= 2dua{PX,Y) + 2dua{X,PY) + Y,X{aap)uf3{Y) -^Y{aafs)upiX)-^ 
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+ Y,<^ap [X{up{Y))-Y{up{X))] 

^ 2dup{X,Y)+up{[XX]) 

SO we obtain 

(3.43) iVP(X,y) = 2dua{PX,Y) + 2dua{X,PY) + 2Y,aapdup{X,Y)+ 
+ «"/3^i/3([^, y\) + MApY)+up{A^Y)) - 

- Vu;3(y) K(A^x) + up{A^x))] 
p ^ ' 

-X(ac,/3) 

Using the relations (3.16) (with laj3 = 0), (1.6)(i) and (1.7)(iii) we obtain 

2dua{PX, Y) + 2dua{X, PY) = 

= -g{{PA^ - A^P){PX), Y) - g{{PAa - AaP){X), PY) = 
= -g{PA^PX, Y) + g{A^P^X, Y) - g{PA^X, PY) + g{A^PX, PY) 
and from this we have 

{3.U)2dua{PX,Y) + 2dua{X,PY) = -^pUf3{X)up{AaY) + J2^up{Y)uf){A^X) 
Replacing the equality (3.44) in (3.43) we obtain 

Ni'\x, Y) = - Y(uf^(^)uf3{AaY)+Uf}iY)up{AaX))-Y aapg{{PAp-ApP){X), Y)+ 

+ Yi<'c.f}M[X^Y])+M^)MAf3Y)+upiX)up{A^Y)-up{Y)u^{Ap^^ 
and from this wc have the equality (3.42) (ii). 

(3) 

Estimating Na (X) from the equality (3.41) (iii) we obtain 

iV(3)(X) = V^^PX - Vpx^a - PC^^X) + P{VxU = 
= (Ve„P)(X) - Vpx^a + PiVxCa) 

and using the relations (2.6) with the conditions e = 1 and lap = we have 
iV(3)(X) = YiMApX)^p+up{X)Ap^a+aap{PAp-ApP){X))-P{PAa-AaP)iX) 



and from this we obtain the equality (iii) (3.42). 
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Estimating N^^{X) from the equality (3.41) (iv) we have 

^ V ' 

(V5,«/3)(^) 

and using the relations (2.6) with the conditions e = 1 and lafi = we obtain 
^S(^) = -hfi{UPX) + Y}fiiph^{ia,X) + ao,^up{A^X)] - up{PA^X) 

7 

SO 

= -9{ApPX,i^)-g{PA^X,ip)+Y}a^ph^{ia,X)+ao,^up{A^X)] 

7 

and from this we have (3.42) (iv). □ 

Corollary 3.7. Under the assumptions of the last proposition, if P and the 
Weingarten operators A^ commute (that is PA^ = A^P, for every a G 
{!,..., r}J then we obtain 

'(i) ivW(x,y) = o, 

(345) J (^^)^"'^(^'^) = Y.(,{a^pM[X,Y])+u.a{X)u^{A^Y)-u^{Y)uM0X)), 
\ (m)ivF(^) = T.p[ua{ApX)ip + up{X)ApU, 
{iv)N^l{X) = 2Y.^ {A^X)-2ua{PA^X) 



4 The commutativity of P and Aa on sub manifolds 
with (P, ^a, Ua, {aap)r) normal structure 

Let M be an n-dimensional submanifold of codimension r in an almost prod- 
uct Riemannian manifold {M,g,P). We suppose that M is endowed with 
a {P,g,Ua,^a,iO'ai3)r) induced structure on M by the P and the normal 
connection V"*" on the normal bundle T-'-(M) vanishes identically. 

First of all, we search for necessary conditions for the linearly indepen- 
dent of the tangent vector fields (,i,.-.,^r (with r > 2). In this situation, 
we will show that the condition of the normality of induced structure on 
M is equivalent with the commutativity between the tensor field P and the 
Weingarten operators A^ (for a G {1, ...,r}). We denoted by 

(4.1) A := {aa/3)r 

the matrix from the {P, g,Ua,^aj {0'ap)r) induced structure on M. 
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Proposition 4.1. Let M he a submanifold of codimension r (with r >2) in 
a locally product Riemannian manifold {M,g,P), with {P,g,Ua,^aj (fla/3)r) 
induced structure on M by P. If the normal connection vanishes iden- 
tically on the normal bundle T-^{M) (i.e.la/3 = then, the tangent vector 
fields {^i,...,^r} cif^ linearly independent if and only if the determinant of 
the matrix (Ir — A^) does not vanish in any point x G M, (where Ir is the 
r X r identity matrix). 

Proof: Let ki,...,kr the real number with the properties that 

(4.2) ki^i + ... + kr^r = 

in any point x G M. From the equality (1.6)(iv), for e = 1, we obtain 

(4.3) 5(Ca, C^) = Sap-^ aa-ya^fs 

7 

Multiplying the equality (4.2) by (for any a G {l,...,r}) and using the 
equality (4.3) we obtain : 

fci(l - Y.-y^lj^ll) + ^2(- 017072) + ••• + kr{- X]7«l7«7r) = 

(4 4) < S7«i7«72) + ^2(1 - ^^a2-fa^2) + ■■■ + kri- Y,^a2'ya^r) = 

^hi-^^ai^a^r) + k2{-^ja2^ajr) + ■■■ + kr{l - Y^^ar^a^r) = 



This linear system of equations has the unique solution ki = ... = kj- = Q 
if and only if it does not have a vanishing determinant. Furthermore, the 
determinant of the linear system of equations (4.4) is the determinant of the 
following matrix: 



Ir- 



/ an ai2 ais ... air\ 

021 ^22 023 ••• 0'2r 



\arl ar2 Clr3 



CZff J 



fan 


ai2 ■ 


• air\ 


0,21 


022 • 


■ a2r 


0-2,1 


032 • 


■ 03r 


\ari 


Or2 • 


• Giff j 



which is the determinant of the matrix 1^ — A? ■ □ 

Theorem 4.1. Let M be an n- dimensional^ submanifold of codimension r in 
a locally product Riemannian manifold {M,g,P), with {P,g,Ua,^a,{aap)r) 
induced structure normal on M. If the normal connection V"*" vanishes iden- 
tically (i.e.lap = 0) and the determinant of matrix (Ir — A?) does not vanish 
in any point x G M, then the (1,1) tensor field P commutes with the Wein- 
garten operators A^, thus 



(4.5) 



PAa — AqiP, 
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for any X G xi^) a G {1, r} 

Proof: If the normal connection vanishes identically (thus Z^^ = 0), the 
equality (3.40) can be written in the form 

(4.6) ^ff(X,^c«)S«(y) = Y.g{Y,^^)B^{X), 

a a 

for any X,Y e xi^) and a G {1, r}. 

Multiplying with Z G x(M) the equality (4.6) and using (3.36) (ii) we 
obtain: 

(4.7) J]5(^,ea)Ca(i^,^) = J]5(^,ea)Ca(X,Z), 

a a 

for any X,Y e x(M). Inverting Y by Z in the equality (4.7), we have 

(4.7) ' ^5(x,Ca)c«(z,y) = ^5(z,^«)c„(x,y), 

a a 

Summating the relations (4.7) and (4.7)', we obtain 

(4.8) ^giY,^a)CaiX,Z) + ^g{Z,^a)Ca{X,Y) = 0, 

a a 

because Ca is skew symmetric (i.e. Ca{Y, Z) + Ca{Z, y) = 0). The equality 

(4.8) is equivalent with 

^g{giY,^a)BaiX) + g{Ba{X),Y)^a,Z) = 0, (V)X, y, Z G x(M) 

a 

SO 

(4.9) Y.9iY,UBaiX) + Y,9{BaiX),Y)(a = 0, (V)X,y G x(M) 

a a 

Using (3.36) (ii), the equality (4.9) can be written in the form 

(4.10) J29iY,UBa{X) + J2Ca{X,Y)^a = 0, (V)X,yGx(M) 

a a 

Inverting X by Y in the equality (4.10) we obtain 

(4.10) ' 5;5(^,ea)Sa(i") + i;Ca(y,x)^« = 0, (v)x,y g x(m) 

a a 

Summating the equalities (4.10) and (4.10)' we obtain 

(4.11) Y.9iy^^a)BaiX) + Y,giX,^a)Ba{Y) = 0, (V)X, y G x(M) 

a a 
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because Ca(Y,Z) + CaiZ,Y) = 0. Therefore, from the relations (4.6) and 

(4.11) it follows that : 

(4.12) Y.9iy^^a)Ba{X) = 0, (V)X,y G x(M). 

a 

Prom det{A^ — Ir) ^ we obtain that the ^i, ...,^r tangential vector fields 
are linearly independent in any point x € M, for r > 2. Because we have 
r linearly independent tangent vector fields on M, then we have r < n and 
from this it follows that there exist a tangent vector field Y G x{^) which 
is orthogonal on the space spanned by {^i, — {Ca} and g{Y,^ci) 7^ 0- 
Thus, from the equality (4.12) we have Bct{X) = 0, for any X G x(M) and 
a € {1, ■■■,r} (r > 1) and from this we have (4.5). 

For r = 1, from the equality (4.12) we have g{Y,$^)B{X) = (where 
B = PA- AP). For y = C we obtain gl^, OB{X) = 0. But g{^, ^) = l-a^ 
and from 1 - 7^ we have B{X) = 0, so PA = AP. □ 

From the Corollary 3.5 and Theorem 4.1 we obtain: 

Theorem 4.2. Let M be an n- dimensional suhmanifold of codimension r in 
a locally product Riemannian manifold {M,g,P), with the normal connec- 
tion V"*" vanishes identically (i.e.lajS = 0). If the determinant of the matrix 
(Ir — A^) does not vanish in any point x G M , then the {P, g, Ua, ^a, (aQ/3)r) 
induced structure on M is normal if and only if the (1,1) tensor field P 
commutes with the Weingarten operators A^ (for any a G {1, ...,r}). 

Remark 4.1. Under the assumptions of the last theorem, if the submanifold 
M in M is totally umbilical (or totally geodesic), then the commutativity 
between the (1,1) tensor field P and the Weingarten operators A^ (for any 
a G {1, •■•,r}) has done. 

5 On the composition of the immersions on man- 
ifolds with (P, ^Q,, Uq,, (aQ!/3)r)-structure 

Let (M, g, P) be an almost product Riemannian manifold and let (M, g) be 
a submanifold of codimension 1, isometric immersed in M (with the induced 
metric ^ on M by 5 and N2 an unit vector field, normal on M in M). On the 
other hand, we suppose that (M, g) is an isometric immersed submanifold 
of codimension 1 in M and let A^i be an unit vector field, normal on M in 
M. Therefore, (M, g) is an isometric immersed Riemannian submanifold in 
{M,g). We may assume that M is imbedded in M and M is imbedded in 
M. 

Prom the decomposed of the vector fields PX ( X G x(^^)) PN2 
respectively, in tangential and normal components at M in M, we obtain 

(5.1) PX = PX + U2(X)N2, 



28 



for any X G xi^) ^^id 



(5.2) 



PN2 = 6 + a22N2, 



where P is an (1.1) tensor field on M, U2 is an 1-form on M, ^2 is a tangent 
vector field on M and 022 is a real function on M. 

For r=l, the relations (1.6) and (1.7) for the submanifold M in M are 
written in the next proposition: 

Proposition 5.1. The almost product Riemannian structure {P,g) on a 
manifold M induces, on any submanifold M of codimension 1 in M , a 

(P,^, M2) ?2) 022) Riemannian structure (where P is an (1,1) tensor field on 
M , U2 is an 1-form on M , ^2 is a tangent vector field on M and 022 is a 
real function on M) with the following properties: 



(5.3) 



and 



(5.4) 



(i) P^X = X- U2{X)^2, (V)X G x{M), 



(ii) U2{P X) = -a22U2iX), (V)X G x(M), 
(Hi) -"2(6) = 1 
(iv) P^2 = -0226, 



"■22' 



(0 u2{x)=vix,^2)^{y)Xex{M)^ _ 

(ii) 9{PX,Y)= giXJ'Y), {y)X,Y e xiM), 
[{iii)g(PX,PY)=giX,Y), (V)X,Fgx(M). □ 



From the decomposed of the vector fields PX {X G x(-^)) PNi 
respectively, in the tangential and normal components on M in M, we obtain 



(5.5) 

and 

(5.6) 



PX = PX + ui {X)Ni , (V)X G xiM) 



PNi=^i + anNi, 



where P is an (1,1) tensor field on M, ui is an 1-form on M, ^1 is a tangential 
vector field on M and an is a real function on M. 

On the other hand, the vector field ^2 € x(M) can be decomposed in the 
tangential and normal components on M in M: 

(5.7) ^2 = ^2^+^, 

and we remark that ^2 ^^^d A^i are coUinear. 
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Proposition 5.2. The vector fields PX ( X e x{M)), PNi and PN2 have 
the next decomposes in the tangential and normal parts on M in M : 



(5.8) 



(i) PX = PX + ui{X)Ni + U2{X)N2, (V)X e x{M) 
{ii) PNi = 6 + aii^^i + ai2A^2, 
_ {Hi) PN2 = <ej + ai2 A^i + 022 A^2 



where P is an (1,1) tensor field on M , ui is an 1-form on M , ^1 is a tangent 
vector field on M, (oq^) (with a,P & is an r x r matrix where its 

entries au, 022 and 012 = 021 = 9(^2 ^^i) ^''^ '^^'^^ functions on M and 
U2-,^~2 ^0,22 were defined in the last proposition. 
Proof: Prom the relations (5.1) and (5.5) we obtain 

PX = PX + U2{X)N2 = PX + ui{X)Ni + U2{X)N2 

so, (i) has done. 

Prom the relations (5.1) and (5.6) we obtain 

(5.9) PNi = PNi + U2{N^)N^ = 6 + aii^^i + U2{Ni)N2. 
We denote by U2{Ni) := 012- Thus, 

(5.10) ai2=g{^2,Ni)=g{CtNi) 
and from this it follows that 

(5.11) ^2"- = 9{^2,Ni)N-, = U2{Ni)Ni = auNi. 

So, from the equality (5.9) we have (ii) from (5.8). 
Prom the relations (5.2) and (5.7) we have 

PN2 = ^J + + 022 iV2 
and using (5.11) we obtain (iii) from (5.8) (where 021 = 012). □ 

Theorem 5.1. The structure (P,^, 1x2,^2,022) (induced on a submanifold 

(M, g) of codimension 1 in an almost product Riemannian manifold (M, g, P) ) 
also induces, on a submanifold {M, g) of codimension 1 in M , a Rieman- 
nian structure (P, <?, tti, «2, ^1, ^J, (a^^)) (where P, «i, ti2, ^1, ^J, (0^/3) were 
defined in the last two propositions) which has the following properties: 
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(i) P^X = X- - U2iX)^J, (V)X G x{M) 

{ii) uiiPX) = -aiiUi(X) - ai2U2{X), (V)X G x(M) 
(in) n2(PX) = -a2i«i(X) - a22«2(^), (V)X G 
M ui(^i) = 1 - ofi - afs, 
(5.12) ^ [v) U2(Ci) = -aiiai2 - 012022, 
{vi) ui{^J ) = -aiiai2 - 012022, 
(i;m) 7i2(Cj ) = 1 - - o|2> 
(«m) P(^i) = -aii^i - 012^^, 

. (ix) P(Cj ) = -0126 - 022^J , 

and the properties which depends on the metric g are: 



(5.13) < 



(i) «i(X) = <7(X,6), 
(u) U2(X)=g{X,il), 

(m) 5(PX,n=5(^,-Pn, 

(it;) 5(J'^,-P>^) = 5(^,^) - txi(X)ui(y) - U2{X)u2{y). 



for any X,Y ex(M). 

Proof: Prom P{PX) = X and (5.8) it follows that 

P{PX + ui{X)Ni + U2{X)N2) = X 

thus we have 

P'^X + ui{PX)Ni + U2iPX)N2 + ui{X){^i + auNi + ai2N2)+ 

+U2(X)(CJ + auNi + a22A^2) = X 

Identifying the tangential components on M from the last equality, we ob- 
tain (i) from (5.12). Then, multiplying the last equality by A''i and N2 
respectively, and using the equality (5.11) we obtain the relations (ii) and 
(iii) from (5.12). 

On the other hand, from P{PNi) = Ni we obtain 

Ni = P(m) = P(6 + auNi + ai2N2) 

and using the relations (5.8) it follows that 

A^i = P^i + ui{Ci)Ni + U2{(i)N2+ 

+011 (Ci + oiiA^i + ai2A^2) + 012 (Cj + 021 A^i + 022 iVa) 

Identifying the tangential components on M from the last equality, and 

multiplying this relation by A'^i and N2 respectively, we obtain, from the 
equality (5.11), the relations (iv), (v) and (viii) respectively, from (5.12). 
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Prom P{PN2) = N2 we obtain 

N2 = P{PN2) = Pi^J + auNi + 022iV2) 

and using the relations (5.8) it follows that 

^2 = P{^J) + ni{^J)N, + U2{^J)N2 + 

+012(6 + aiiA^i + ai2A^2) + 022(^2" + 021-^1 + a22iV2) 

Identifying the tangential components on M from the last equality and mul- 
tiplying this relation by A'^i and respectively, we obtain, from (5.11) the 
relations (vi), (vii) and (ix) from (5.12). 
Prom 

g{PX, Y) = g{PX - uiNi - U2N2, Y) = giPX, Y) = 

= g{X, PY) = g{X, PY + ui{Y) + U2{Y)N2) = g{X, PY) 

we obtain the equality (iii) from (5.13). 
Prom 

g{PX,N^)=g{X,PN^) 
and using the relations (5.8), we have 

g{PX + ui{X)Ni + U2{X)N2,N{) = g{X, ^ + auNi + ai2N2) 

Thus, ui{X) = g{X,^i) = g{X,^i) and from this we obtain the equality (i) 
from (5.13). 
Prom 

g{PX,N2)=g{X,PN2) 
and using the relations (5.8) we have 

g{PX + ui{X)m + U2{X)N2,N2) = g{X, + aisiVi + a22Ar2) 

Thus, U2{X) = g{X,Sj) = g{X,^2) from this we have the equahty (ii) 
from (5.13). 

Prom g{PX, Y) = g{X, PY), replacing Y with PY and using the equality 
(i) from (5.12) we obtain 

g{PX, PY) = g{X, P^Y) = g{X, Y - ui{Y)^i - U2{Y)^J). 

Thus, from the relations (i) and (ii) from (5.13), it follows that 

g{PX, PY) = g{X, Y) - ui{X)ui{Y) - U2{X)u2{Y) 

and from this, we obtain the equality (iv) from (5.13). □ 



32 



Definition 5.1. We say that a Riemannian immersion is an isometric im- 
mersion between two Riemannian manifolds. 

Corollary 5.1. Let M be a submanifold of codimension 1, isometric im- 
mersed in M , which is also of codimension 1 and isometric immersed in 
an almost product Riemannian manifold {M,g,P), such that we have the 
Riemannian immersions: 

Then, the induced structure on M by the structure {P,g) from M is a 
{P, g,ui,U2, ^1, , {aaf3))- Riemannian structure (where P , ui, U2, ii, > 
{ttaji) were defined in the last theorem). This structure is determined by the 
structure {P,'g,U2,£,2,0'22) (induced on M by the structure from M) and by 
the structure (P, lii, ^i, an) (induced on a M by the structure from M). 

Corollary 5.2. Let M := Mi be a submanifold of codimension r (with 
r > 2) in an almost product Riemannian manifold {M,g,P). We make the 
following notations: M := M^+i, g := g^^^ , P := Pr+i, such that we have 
the sequence of Riemannian immersions 

{Mi,g') ^ {M2,g^) ... (M,,/) ^ {M,g,P) 

where g"^ is an induced metric on M* by the metric g^^^ from Mj+i, (i £ 
{1, ...,r}) and each one of {Mi,g^) is a submanifold of codimension 1, iso- 
metric immersed in the manifold (Mj+i, 5*+-"^) (i G {l,...,r}). Then, the 
structure {Pi, g^ ,£,a-^,ul^-^, (a^^^^)); which is successive induced by the struc- 
tures {Pi,g\Cai,Uai^{al^-^-)) onthe manifolds Mi (i e {2, ...,r}, Oi G {i,...,r}) 
is the same as the induced structure on {A!i,g^) by the almost product struc- 
ture P on M, where the vectorial fields on Mi are the tangential compo- 
nents at M of the tangent vectorial fields ^l^. from Mi, the 1-forms li^. are 
the restrictions on M of the 1-forms u^. from Mi (for any i G {2, ...,r} and 
Ui G {i, ...,r}), and the entries of the r x r matrix (a^^^^) are defined by 

for any ai,/3i G {1, ...r}. 

6 {P, ^a,Ua, {aai3)r) mduced structure on subman- 
ifolds of codimension 1 or 2 in almost product 
Riemannian manifolds 

The hypersurfaces imersed in an almost product Riemannian manifolds were 
studied by T. Adati (P, [2), T. Miyazawa (EH]) and M. Okumura (PI). 
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In the following, we assume that M is asubmanifold of codimension 1 in 
an almost product Riemannian manifold (M, g, P). We denoted hy Aj^f := A 
(where N is an unit normal vector field at submanifold M in M), u\ := u, 
^1 := ^ and a^^ := a. 

Prom (1.4), (1.5) we obtain 

(6.1) PX = PX + u{X)N, 
for any X G x{^)i ^^'^ 

(6.2) PN = i + aN 

where P is a tensor field on M, u is an 1-form on M, o is a real function on 
M and ^ is a tangent vector field on M. The induced structure on M is a 
{P, g,u,^,a) Riemannian structure. Prom (1.6) we have: 

'{i) P^X = X -u{X)^, 
(ii) u{PX) = -au{X), 
(m) u{0 = 1 - a^, 
{iv) P(0 = -< 



(6.3) 



for any X G x(M). 

Prom the relations (1.7) we obtain 



■4) 



|(i) u{X)=g{X,i), 

g{PX,PY) = g{X,Y) - u{X)u{Y) 

for any X,Y e x(M). 

Remark 6.1. Por a=0, from the relations (1.3), we remark that {P,u,^) 
is an almost paracontact structure on M and (P,g,u,^) is a Riemannian 
almost paracontact structure. 

The Gauss_and Weingarten formulae on the hypersurface M, isometric 
immersed in M, have the forms: 

(6.5) VxY = VxY + g{AX,Y)N 
and 

(6.6) VxA^ = -AX 

respectiverly, for any X,Y ^ xi^)- 

If M is a locally product Riemannian manifold, the formulae (2.6) be- 
come: 



(6.7) 



(i) (VxPW) = uiY)AX + g{AX, Y)^, 
{ii) {Vxu){Y) = -g{AX, PY) + a- g{AX, F), 
{Hi) VxC = -P{AX) + a-AX, 
^{iv) X{a) = -2u{AX) = -2g{AX,0 = -2g{X,A0 

for any X,Y e x(M). 
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Remark 6.2. Prom the relations (6.3) (iii) and (6.4) (i), we remark that 
a e (-1, 1) for e 7^ 0. 

Remark 6.3. If a = 0, then the relations (6.3) have the forms: 

'(i) P^X = X-uiX)^, 

/ X (ii) uiPX) = 0, 

(6.8) S 

{ill) u{^) = 1, 
{iv)P{0 = 0, 

for any X G xiM). 

Remark 6.4. Let M be a hypersurface in an almost product Riemannian 
manifold {M,g,P). Prom the relations (1.3)(iii) and (1.4)(i) we remark that 
u{^) = so, g{^,£,) = 0, for = 1 and from this we have £, = 0. Therefore, 
from the equality (1.2) we obtain PN = a • N and P^X = X. Thus, the 
induced structure P on M becomes an almost product structure and an 
eigenvalue of P is a. 

Remark 6.5. Let M be a hypersurface in an almost product Riemannian 
manifold {M,g,P). Prom (6.3) (iv) we remark that ^ is an eigenvector of a 
tensor field P with the eigenvalue —a. 

In the following we denote by = {X G x{M)/X±(,}. 

Remark 6.6. From u{PX) = g{PX,^) andti(PX) = -au{X) = -ag{X,^) 
we obtain g{PX + aX,^) = and {PX + aX)±^, (V)X G x{M). We remark 
that there is a vector V e such that PX = —aX + V. 

Proposition 6.1. Let M be a hypersurface in an almost product Riemannian 
manifold {M,g,P), with the structure {P,g,^,u,a) induced on M by the 

structure P from M . We suppose that ^ 7^ 0. A necessary and, suffirAent 
condition for M to be totally geodesic in M is that V xP = 0, for any 

xex{M). 

Proof: If M is totally geodesic, then VxP = (VX G x(M)) from the 
equality (6.7) (i). 

Conversely, we suppose that Vx-P = and from the equality (6.7) (i) we 
obtain 

g{AX,Y)^ + g{Y,OAX = 0. 
We may have one of the following situations: 

(i) If AX and ^ are linearly dependent vector fields, then there exist a real 
number a such that AX = and from this we obtain g{Y, ^) = for any 
Y G x(M). Thus, for y = ^ we obtain g{^,^) = which is equivalent with 
^ = and this is an impossible case. 

(ii) If AX and ^ are linearly independent vector fields, then g{AX, Y) = 
(for any X,Y E x{M)). Thus A = and from this we have that M is a 
totally geodesic submanifold in M. □ 
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Proposition 6.2. If M is a hypersurface in an almost product Riemannian 
manifold (M, P, g), with structure (P, g, ^, u, a) induced on M by P, then the 
following equalities are equivalent: 



Vxn = <^ Vx^ = 0. 



Proof: If Vxn = then we obtain g{AX,PY) = ag{AX,Y), from the 
equality (6.7) (ii). 

From g{AX, PY) = g{P{AX),Y) we have g{P{AX) - a AX, Y) = 0, for 
any X, y G x{M), and using the equality (6.7)(iii) we have VxC = 0- 

Conversely, we suppose that Vx^ = (for any X G x(-^)) ^iid we have 
giyxi.Y) = from (6.7)(iii). Thus 

g{P{AX) - aAX, F) = ^ g{AX, PY) - ag{AX, Y) = 

for any X,Y E xi^)- Therefore, we obtain X^xu = 0, from (ii)(6.7) . □ 
Prom the theorem 4.2 we have the following property: 

Proposition 6.3. Let M be a hypersurface of a locally product Riemannian 
manifold (M, g, P), with (P, g, ^, u, a) induced structure on M by P. We sup- 
pose that a 7^ ±1. A necessary and sufficient condition for the normality of 
structure {P, g, ^, u, a) is that the tensor field P commutes by the Weingarten 
operator A (that is PA = AP). 

Prom the proposition (3.2) it follows that : 

Proposition 6.4. Let M be a hypersurface in a locally product manifold 
(M,g,P), with the induced structure {P,g,(^,u,a). The necessary and suf- 
ficient condition for the 1-form u on M to be closed (i.e.du = 0) is that the 
tensor field P commutes by the Weingarten operator A. 

Proposition 6.5. Let M be a hypersurface in a locally product Riemannian 
manifold (M, g, P) with {P, g, ^, u, a) induced structure on M. Then ^ is a 
Killing vector field with respect to g on M if and only if we have 



where A is the Weingarten operator on M. 

Proof: We have that ^ is a Killing vector field on M if and only if 



(6.9) 



2aA = PA + AP 



{L^g){Y,Z)=0, {y)Y,Zex{M) 
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so 

(6.10) giVy^, Z) + g{Y, VzO = 0, (V)^, Z G x{M) 
Using the equality (6.7)(iii) we obtain that (6.10) is equivalent with 

g{-PANY + qAnY, Z) + g{-PANZ + uAnZ, Y) = Q 

^ g{2aANY - PA^Y - An{PY), Z) = 0, (V)r, Z e x(M) 
which is equivalent with the equality (6.9). □ 

Corollary_6.1. Let M he a hypersurface of a locally product Riemannian 

manifold (M, g, P), with the normal induced structure {P, g, ^, u, a). Then ^ 
is a Killing vector field with respect to g on M if and only if we have 

(6.11) aA = PA = AP 

where A is the Weingarten operator on M. 

Proposition 6.6. Let M be a hypersurface of a locally product Riemannian 
manifold {M,g,P), with a normal induced structure {P,g,£,,u,a) and ^ is 
a Killing vector field. If ^ 1, then rank A =1 and is an eigenvector of 
the Weingarten operator A, with the eigenvalue 2(J^li) ■ 
Proof: From the corollary 6.1 we have PA = aA. Thus, P'^A = aPA = a^A 
and we have 

P'^{AX) = a^AX, (V)X e x(M) 
Using the equality (6.3) (i) we obtain AX — u^AX')^^ = a^^X, so 

(6.12) (a2 - \)AX = -u{AX)^, (V)X G x{M) 
Prom (6.7)(iv) and (6.12) (with =^ 1) we have 

(6.13) AX = ^^^C m e x(M) 

and from this we remark that rank A=l. More of this, if we put X = ^ in 
the equality (6.13) we obtain 

(6.14) A{0 = 2(1^^ m e x(M) 

thus ^ is a eigenvector of Weingarten operator A, and its eigenvalue is 

2(a^-l)-^ 
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Remark 6.7. Under the assumption of the last proposition, if 

(6.15) ei = ^=1==, 

V 1 — a 

then 

Therefore, ei is eigenvector of the Weingarten operator A and its eigenvalue 

2(a2-l) • 

Let (ei, e„) be an orthonormal basis of a tangent space T^Af, for any 
X G M. From (6.13) we have KerA = n — 1 and we obtain A(ei) = for 
any i e {2, ...,n}. Thus, the first eigenvalue of the Weingarten operator is 

(6.16) h- ^^"^ 



2(a2 - 1) 
and the others are 

(6.17) k2 = ... = kn = 

More of them, the mean vector field H of hipersurface M in M is 

H = -traceA ■ N = -kiN 
n n 

and we have 

(6.18) H = — iM_^Ar. 
^ ^ 2n{a? - 1) 

Proposition 6.7. Let M be a hypersurface in a locally product Riemannian 
manifold {M,g,P), with the normal induced structure {P,g,(,,u,a). If we 
have 0? ^\ and ^(a) = 0, then M is totally geodesic in M. 
Proof: Prom (6.16) (with ^(a) = 0) and (6.17) we obtain 

ki = k2 = ... = kn = 0, 

so, the Weingarten operator A=0 and we have that M is totally geodesic in 
M. □ 

Proposition 6.8. Let M be a totally umbilical hypersurface (i.e A = XI) in 
a locally product manifold (M, g, P), with the induced structure (P, g, ^, u, a). 
Then we have: 



(6.19) 



{{) {VxP){Y) = Xg{Y, OX + Xg{X, Y)^, 

(ii) {Vxu){Y) = -\g{X,PY)+aXg{X,Y), 
(Hi) Vx (C) = - APX + aXX, = 2aA,e, 

(iv) X{a) = -2Xg{X,0 
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for any X,Y e x(M). 
Proof: We have 

g{ANX,Y) = Xg{X,Y) 

because M is totally umbilical in M and using (6.7) we obtain (6.19). □ 

Proposition 6.9. If M is a totally umbilical hypersurf ace in a locally product 
Riemannian manifold {M,g,P), with the induced structure {P,g,^,u,a), 
then the 1-form u is closed. 

Proof: Using the cquaUtics (6.19)(ii) and (3.19), wc obtain 

du{X,Y) = {Vxu){Y) - (Vyu)(X) = X{g{PX,Y) - g{X,PY)) = 
Thus, the 1-form u is closed. □ 

Corollary 6.2. Let M be a totally umbilical submanifold in a locally product 
Riemannian manifold {M,g,P), with the induced structure {P,g,^,u,a). 
Then, it follows that 



(6.20) 



(i) {VxPm=Hl-a')X, 

(ii) iV^P)iX)=2XgiX,0^, 
[{Hi) {Vxum=2aXg{X,0, 



for any X G x{^)- 
Proof: 

For y = ^ in the relations (6.19)(i),(ii) and using the equality (6.3)(iii), we 
obtain (i) and (iii) from (6.20). If X = ^ in the equality (6.19) (i) we obtain 
(ii) from (6.20). □ 

Corollary 6.3. Let M be a totally umbilical submanifold in a locally product 
manifold {M,g,P), with the induced structure {P, g,^,u,a) and X G 
(where = {X G x{M)/X±(} ). Then we have 



(6.21) 



for any X G x(M). 



'{i) {V^P){X) = 0, 
(ii) (Vxn)(0 =0, 
^ (Hi) X(a) = =^ a = constant 



Remark 6_^. Let M be a hypersurface in a locally product Riemannian 

manifold {M,g,P), with the induced structure {P,g,(,,u,a). We suppose 
that (ei, ...,e„) is an othonormal basis of the tangent space TxM, (for any 
X G M). Then div^ = trace{ei using (6.19)(iii) we obtain 

Ve,^ = X{aI-P){ei). So, 

(6.22) div^ = X{na - traceP) 
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Therefore, if div$, = it follows that traceP = na. 



In the following we assume that M is an n-dimensional submanifold of 
codimension 2 in an almost product Riemannian manifold {M,g,P), with 
induced structure {P,g,Ua,^a, {0-0/3)2) on M (a,/3 G {1,2}). We suppose 
that the normal connection vanishes identically (thus l^js = 0). In these 
conditions, the relations (1.6) and (1.7) from Theorem 1.1 have the following 
forms: 



'{i) P'^X = X- 
{ii) ui{PX) = ■ 
(in) U2{PX) = 
iiv) ui(^i) = 1 



(6.23) 



Ul{X)il - U2{X)i2, 

-aiiUi{X) - ai2U2{X), 

-021^1 (X) - a22U2{X), 



ni 



"12' 



^22' 



{v) n2(6) = l-a?2-«2 
{vi) ui{^2) = U2{^i) = -ai2(aii + 022), 
{vii) P(^i) = -aii^i - ai26> 

{via) p{$,2) = -0216 - 0226, 

[{ix) g{PX,PY)=g{X,Y)-ui{X)ui{Y)-U2{X)u2{Y) 
for any X,Y e x(M). 

^aii ai2^ 

^"21 "22^ 

Remark 6.9. A simplifier assumption for these relations is an + 022 = 
thus, trace A = 0, which is equivalent with ^i-L^2- Under this assumption, 
if we denote an = —022 = a, ai2 = 021 = b and 1 — a^ — 6^ = cr, from the 
relations (ii)-(vii) (2.1), we easily see that 



We denote by .4 := 



(6.24) 



(i) ui{^i) = n2(6) = o- 5(6, Ci) = 5(6,6) = 
(m) n2(6)=txi(6) = 0^ 5(6,6) = 0, 
{in) ui{PX) = -aui{X) - bu2{X), 
{iv) U2{PX) = -bui{X) + au2{X), 

{v) P(6) = -a6-^6. 
{vi) P(6) = -^6 + a6. 



Furthermore, from (2.6), under the assumption that the normal connec- 
tion V"*" vanishes identically (i.e. 1^/3 = 0), we obtain 



(6.25) 



{VxP){Y) = g{AiX, Y)^i + g{A2X, Y)^2+ 
+g{Y,^i)AiX + g{Y,^2)A2X, 



(6 26) J'(^^^i)(^) = -9{AiX, PY) + ag{A^X, Y) + 65(^2^, Y), 
\{VxU2){Y) = -g{A2X,PY) + bg{A^X,Y)-ag{A2XX)- 
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and 
(6.27) 
and 

(6.28) 

for any X,Y e x(M). 



-P{AiX) + aAiX + bA2X, 
-P{A2X) + bAiX - aA2X. 



(i) X{a) = -2g{AiX,^i), 
{ii) X{h) = -g{AiX, 6) - 9{A2X, 



Lemma 6.1. Let M he an n- dimensional suhmanifold of codimension 2 in 
an locally product Riemannan manifold {M,g,P), with the normal induced 
structure {P,g,Ua,^a,iO'ai3)r)- If the normal connection vanishes iden- 
tically (i.e. lap = ^), then the following equation is good 

(6.29) g{Y,ir)B^{X)+g{Y,i2)B2{X) + Ci{X,Y)i^ + C2{X,Y)£,2 = 0, 

for any X,Y £ x{M). 

Proof: By virtue of (3.40) we obtain : 

(6.30) g{X,^i)B,{Y) + g{X,^2)B2iY)=g{Y,^,)B,{X)+g{Y,^2)B2{X), 
for any X,Y e xi^)- Multiplying by Z G x{M) the equality (6.30) we have 

g{X, ^i)g{Bi{Y), Z) + g{X, i2)g{B2{Y), Z) = 

= g{Y, ^i)giBi{X), Z) + g{Y, 6)p(52(^), Z), 
and using the notation (ii) from (3.36) it follows that 

(6.31) g{X,^,)C,{Y,Z)+giX,^2)C2{Y,Z) = 

= g{Y, ^i)Ci{X, Z) + g{Y, 6)C2(X, Z), 
for any X,Y,Z G xi^^)- Inverting Y by Z in the last equality we obtain 

(6.31)' g{X,^,)Ci{Z,Y)+g{X,^2)C2{Z,Y) = 

= g{Z,^i)Ci{X,Y) + g{Z, 6 )C2 {X, Y) . 

Summating the relations (6.30) and (6.31)', and using the skew-symmetry 
of Ci and C2 (from (3.36) (ii)), we obtain 

g(Y,^i)Ci{X,Z)+g(Y,^2)C2{X,Z)+g{Z,^i)Ci{X,Y)+g{Z,^2)C2iX,Y) = 
which is equivalent with 

giY, 6)5(^1 (^), Z) + g{Y, 6)9(i?2(X), Z)+ 
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+g{Z, ^,)giBi{X),Y) + 9(2, ^2)g{B2{X),Y) = 

Hence, 

g{g{Y, Ci)Si(X), Z) + g{g{Y, 6)S2(X), Z)+ 
+g{Z, g{Bi {X), y)6) + giZ, g{B2 (X), y)^) = 
and it follows that 

for any Z G x(M) and from this we obtain (6.29). □ 

Lemma 6.2. Let M he an n- dimensional submanifold of codimension 2 in 

an locally product Riemannan manifold {M,g,P), with the normal induced 
structure {P,g,Ua,(,a:{0'a/3)r)- If the normal connection V"*" vanishes iden- 
tically ( i. e. lap = 0) and a ^ then, the following equalities are good 

\i) iJi(6) = o, 

(6.32) ^^(^^) = °' 

|(m) Bi(6)=0, 

Siv) i?2(6) = 0. 
Proof: By virtue of (6.29) with X = F = ^i, we obtain 

(6.33) 5(6, a)Si (6) +5(6,6)^2(6)+ 

+5(i?i(6),6)6 + 5(i?2(6),6)6 = 0. 

Using 3(^1,6) = CT ^ 0, <7(ei,6) = 0, <7(i?i(6),6) = Cii^u^i) = 
and 5(-B2(6),6) = ^^2(6, 6) = we obtain -Bi(^i) = 0, from the skew- 
symmetry of Ci and C2. 

Prom the equality (6.29) with X = F = ^2, we obtain 

(6.34) 5(6,6)^1(6) +5(6,6)^2(6)+ 

+5(^1(6), 6)6 + 5(i?2(6), 6)6 = 0, 

Using that 5(6,6) =(Ty^O, 5(6,6) = 0, 5(^1(6), 6) = ^1(6,6) = 
and 5(-B2(6),6) = C'2(6,6) = we obtain -62(6) = 0, from the skew- 
symmetry of Ci and C2. 

If we put X = and F = ^ in (6.29), we obtain 

(6.35) 5(6,6)^1(6) +5(6,6)^2(6)+ 

+5(51(6), 6)6 + 5(i?2(6), 6)6 = 0, 

Using 5(6,6) = (^^0, 5(6,6) = 0, 5i(6) = and 

5(52(6),6) = ^2(6,6) = -^2(6,6) = -5(i?2(6),6) = 
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and replacing these in (6.35) we obtain .62(^1) = 0. 

Using the equahty (6.29) with X = ^2 and Y = we obtain 

(6.36) 5(6, ei)i?i (6) +5(6,6)^2(6)+ 

+5(5i(6),Ci)6 + 5(52(6),6)6 = 0, 
and from 5(6,6) = <t 7^ 0, 5(6,6) = 0, ^2(6) = 0, Si (6) = and 

5(Bi(6),6) = Ci(6,6) = -Ci(6,6) = -5(5i(6),6) = o 

we have ^1(6) = 0. □ 

Under the assumption for the codimension r=2, the following proposition 
can be considered as a particular case of the theorem 4.1. Using the last two 
lemmas, we could make another proof of this, which will be done below: 

Proposition 6.10. We suppose that M is a^ubmanifold of codimension 

2 in a locally product Riemannian manifold {M,g,P), with the normal in- 
duced structure {P,g,Ua,(,a,{(iai3)2)- If the normal connection V"*" vanishes 
identically (i.e. l^p = Oj, traceA = and a 0, then P commutes with 
the Weingarten operators (a G {1,2}^, thus the following relations take 
place: 



(6.37) 



{{} {PAi - A,P)iX) = 0, (V)X e x(M) 
(ii) (P^2 - A2P){X) = 0, (V)X G x(M) 



Proof: With F = ^1 in the equality (6.29) we obtain 

(6.38) 5(6,6)SiW +5(6,6)52(X)+ 

+5(Si(x),6)6 + 5(52(X),6)6 = 0, 

and from c/(6, 6) = cr / 0, c/(6, 6) = we have 

(6.39) g{Ba{X),^^) = CaiX,^^) = -Ca{^p,X) = -g{Ba{^p),X) = 

where a, (3 G {1,2}. From the last lemma we have Bai^p) = 0, for any 
a, /3 G {1, 2}. Therefore we obtain BiX = 0, for any X G x(-^), so we have 
(i) from (6.37). 

With F = ^2 in (6.29), we obtain 

(6.40) 5(6,6)i?i(^) +5(6,6)52(^)+ 

+5(5i(X),6)6 + 5(52(X),6)6 = 0. 

Prom 5(6,6) = c 7^ 0, 5(6,6) = 0, using the equality (6.40) and the 
relations (ii) and (iii) from the last lemma then we obtain B2X = 0, for any 
X G x(M), so we have (ii) from (6.37). □ 
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Proposition 6.11. Let M be a suhmanifold of codimension 2 in a locally 

product Riemannian manifold {M,g,P), with the normal induced structure 
{P,g,Ua,^ai {(^0/3)2)- If the normal connection V"*" vanishes identically (i.e. 
lafs = 0), traceA = and a 0, then the relations occur: 

.g4^^ 1(h) ^16 = ^/^1(6,6)6 + ^^1(6,6)6, 

I (Hi) ^26 = ^/i2(6,6)6 + ^/i2(6,6)6, 
^iv) A26 = ^/i2(6,6)6 + i/i2(6,6)6- 

Proof: Applying P in (6.37) (i) it follows that 

(6.42) P'^AiX = PAiPX, 

for any X G xi^)- Using the equality (6.23)(i) we obtain 

(6.43) AiX - ui(^iX)6 - U2(^iX)6 = PAiPX, 

for any X G xi^)- 

If we put in (6.43) X = 6 and X = 6, respectively, we obtain 

(6.44) ^16 + aP^i6 + 6P^i6 = /ii(6,6)6 + /ii(6,6)6 

and 

(6.45) yli6 + bPAiCi - aPAi6 = /ii(6,6)6 + /ii(6,6)6- 

from the equalities (6.24) (v) and (vi). 

We replace X ^ PX in the equality (6.37)(i) so, PAiPX = AiP^X 
and using the equality (6.23) (i), we obtain 

(6.46) PAiPX = AiX - ui(X)Ai6 - ^12(^)^16, 

for any X G xi^)- 

If we put X = 6 and X = 6 respectively in (6.46) we obtain 

(6.47) (a - l)Ai6 - aPAi6 - 6PA16 = 0, 
and 

(6.48) {a - l)Ai6 - bPAi^i + aPAi6 = 0. 

from the equalities (6.24) (v) and (vi). 

Summating the relations (6.44) and (6.47), for cj 7^ 0, we obtain (i) from 
(6.41). Summating the relations (6.45) and (6.48) we obtain, for a ^ 0, the 
equality (ii) from (6.41). 
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Applying P in the equality (6.37)(ii),it follows that 

(6.49) P'^A2X = PA2PX, 
for any X G x(-^) ^^id using (6.23) (i), we obtain 

(6.50) A2X - «i(^2^)a - ^^2(^2^)6 = PA2PX, 

for any X G xiM). 

For X = and X = £,2, respectively in (6.50), and using the equalities 
(6.24) (v) and (vi), we obtain 

(6.51) A2^i + aPA2^i + = /i2(6,a)6 + /i2(a,6)6 
and 

(6.52) A2C2 + bPA2Ci-aPA2C2 = ^^2(6, 6)6 + ^^2(6, 6)6- 

We replace X ^ PX in the equality (6.37) (ii) so, PA2PX = A2P^X 
and using the equality (6.23) (i), we obtain 

(6.53) PA2PX = A2X - ui{X)A2^i - U2iX)A2^2, 

for any X G x(M). 

For X = 6 and X = ^2, respectively in (6.53), and using the equalities 
(6.24) (v) and (vi), we obtain 

(6.54) {a - 1)^26 - aPA2^i - 6P^26 = 0, 
and 

(6.55) {a - 1)^26 - bPA2Ci + aPA2^2 = 0. 

Summating the relations (6.51) and (6.55) we obtain , for cr 7^ 0, the equality 
(iii) from (6.41). Summating the relations (6.52) and (6.55) we obtain, for 
(7 / 0, the equality (iv) from (6.41). □ 

7 Some examples of structures (P, g,^a,Ua, {cLa(3)r) 
induced on submanifolds of Euclidean space 

Exemple 1. We suppose that the ambient space is M = E'^^ and for 
any x £ E^p we have x = (x^, ...,xP,y^, y^) := (.x% y*). The tangent space 
TxE'^p is isomorphic to E'^p . Let P : E'^p E^p an almost product structure 
on E'^p such that 

(7.2) P{x\...,xP,y\...,yP) = {y\...,yP,x\...,xP) 
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Thus, (P, < >) is an almost product Riemannian structure on E^p. We show 
that any hypcrsphcrc 5"^^"^ ^ E'^p has an (a, 1)/ Riemannian structure, by 
constructing it in a effective way. 

The equation of sphere S^p~^{R) is 

(7.3) {x'f + ... + {xPf + (y'f + ... + = 

where R is its radius and (x^ , ...,xP , ...,yP) are the coordinates of any 
point X G S'^P-'^{R). We have that 

(7.4) N = ^{x\...,xP,y\...,yP) 
is a unit normal vector in x on sphere S'^p~^{R) and 

(7.5) PN = ^{y\...,yP,x\...,xP) 

We denote by {X^ , ...,XP,Y'^, ...,YP) a tangent vector in x at S'^P-'^{R). 
Hence we have 

p p 

(7.6) ^x^X^ + ^y^F^ = 

i=i i=i 

If we decompose PN in the tangential and normal components, we obtain 

(7.7) PN = i(eS ...,e,v\ -.rin + « • |(^\ -.^^yS 
Prom the relations (7.5) and (7.7) we have 

(7.8) ^» = - ax\ r/' = - ay* 

But (^^, ...,^^,r/^, ■■■,rf) is tangent at the sphere 5^^~^(i?) and from this we 
obtain 

(7.9) j2xX + Y.yW = Q 

i=l i=l 

Using (7.8), it follows that 

xV - a j^ix^f + jZ - a j^iy'f = 

i=l 1=1 i=\ 1=1 

So, from the equation (7.3) we have 

(7.10) «=;|i:^v 

i=l 
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Therefore, the matrix A becomes a real function a on S^^ ^{R)- Moreover, 
from equaHty (7.8) we obtain the tangential component of PN at sphere 
S^P-\R) 

(7.11) ^ = - --y" - - "y'' - ^y") 

where a was defined in (7.10). 

Usingtheequality(7.11)in«(X) =<X,^ >, with X = {X\ XP , ...,¥1") 
a tangent vector in x at sphere S'^P'~^{R), then we have 



1=1 i=l i=l 

and from (7.6) we obtain 

(7.12) uiX) = ^{j2x'Y' + j2y'X') 

1=1 i=i 

Prom PX = PX - u{X)N we obtain 

PX = {Y\...,YP,X\...,XP)-^{x\...,xP,v\...y) 
and from this we have 

(7.13) PX = (yi - ...yP - ^xP,X^ - ...,XP - ^yP) 

where X = {X^ , XP, Y^, ...,YP) is a tangent vector in x = {x^, ...,xP,y^, yP) 
at sphere and u(X) was defined in (7.12). Moreover, PX is tangent at 
S^P-^{R) because 

< PX, N>=± x^Y^ - ^ ±ixn^ + ± y^X^ - ^ j^iyr = 

i=l 1=1 i=l i=l 

= ^(x^yvy'x^)-^ ^[(x^)2+(2/^)2] = j^i^'Y^+y'^'y^i^y^ = 

i=l i=l i=l 

so we have < PX, N >^ 0. 

Furthermore, if X and Y are tangent vectors of the sphere S'^p~^{R), 
then we have 

< PX, Y >=< PX, Y >=< P^X, PY >=< X, PY >=< X,PY > . 

For Y = {X'\ X'P, Y'p) we have PY = {Y'' - ^x\ X'' - ^y') 

Thus, 

< px,PY >= ;^(r<-^ffl,.)(y»_^m,<)+j^(x<-^(^ii,<)(x'<-^e:i,') = 
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fl2 



R-u(y) R-u(X) 

and from this we have < PX^ PY >=< X,Y > —u[X)u{Y), for any tangent 
vectors X and Y on the sphere in any point x G M. 

Therefore, from the relations (7.10), (7.11), (7.12), (7.13) we have a 
{P,(,,u,a) induced structure by P from E'^p on the sphere S'^p~^{R). This 
structure is a normal (a, 1)/ Riemannian structure, because S'^^^^{R) is the 
totally umbilical hypersurface in E'^'P and from this we have that the tensor 
field P commutes with the Weingarten operator A. 

Example 2. Let ^^^"^(l) a hypersphere of the Euclidean space E^P 
{p > 2), endowed with an almost product Riemannian structure {P,< >) 
from the previous example. We have seen, from above, that on any hyper- 
sphere S'^^~^(l) we have an induced structure {P,^,u,a). It is obvious that 
E'^p = EP X EP and in each of EP we can get a hypersphere 

(7.14) SP~Hn) = {{x\...,xP), j2i^^? = rl}, 

i=l 

and 

(7.15) SP-\r2) = {{y\...,yn, ^(y')' = rf}, 

i=l 

respectively, with the assumption that r\ + r"^ = 1. 

We construct the product manifold SP'^^iri) x SP~'^{r2) (such in jl7j . 
pg.116-117). 

Any point x G SP""^ {ri)x SP'"^ {r2) has the coordinates (x^, ...,xP,y^ , ■.■,yP) 
with the properties X]i'=i(^*)^ = '''i ^^'^ S?=i(y*)^ — ^2- This manifold is 
a submanifold of codimension 2 in E'^p. Furthermore, SP~^{ri) x SP~^{r2) 
(with + r| = 1) is a submanifold of codimension 1 in 5^^~^(1). Therefore 
we have the successive imbedded 

(7.16) SP-\ri) X SP-\r2) ^ S^p-^I) ^ E^p 

The tangent space in a point x = (x^, ...,xP,y^, ■■■,yP) at the product of 
spheres SP-^n) x SP-\r2) is 

T(x\...,xP,o,...,o)S^^~\n) e T^0,...,0,y\...,yP)S^~^{r2) 
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A vector {U^,...,UP) from T^E^ (with x = (x^, x^)) is tangent to 
SP-i(ri) if 

p 

(7.17) ^[/V = 

i=l 

and it can be identified by {U^, UP, 0, 0) from E'^p. 

A vector {V^,...,VP) from TyEP (with y = {y^,...,yP)) is tangent to 
SP-\r2) if 

p 

(7.18) ^yY = 

«=i 

and it can be identified by (0, 0, V^, VP) from E'^p. 

Consequently, for any (x,y) := {x^ , ...,xP ,y^ , ...,yP) G >S'^~^(ri)xS'^'~^(r2) 
we have 

{U\...,UP,V\...,VP) := {U\V') e T^,^y){SP-\n) x SP-\r2)) 
if and only if 

p p 

(7.19) j2 =0' = 0- 

1=1 i=l 

Furthermore, from (7.19) we remark that X]f=i(f^*^* + ^*y*) = so {W, V^) 
is a tangent vector at S'^^~^(l) in any {x,y) G ^^"^(ri) x SP~^{r2)- From 
this it follows that 

(7.20) T^,,y){SP-Hr^) x SP-\r2)) C T(,,,)52f-\ 

for any {x,y) G S'P~^(ri) X S'^'~^(r2). 

We denote by N2 the normal unit vector at >S'^^'~^(1) in a point (x,y). 
Thus, we have 

(7.21) N2 = {x\...,xP,y\...,yP), 

from E?=i(^^)^ + TH=i{y^f = + r| = 1. On the other hand, N2 is a 
normal vector field at (S'^~^(ri) x SP~^{r2)), when it is considered in its 
points. Let 

(7.22) Ni = {—X , —xP, yi, yp) := {—x , yi), 

ri ri r2 r2 n r2 

be a vector in any (x,?/) G -S'^~^(ri) x SP~^{r2)- We remark that 

< ivi, >= ^ Y^^x^ - - Y^y'f = - -^i = 0' 

r2^ ri r2 
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Therefore N2 is orthogonal to Ni in any (x,y) G <S'^~^(ri) x S'^~^(r2) and 
from this we have that Ni is a tangent vector at ^^^"^(l). Moreover, Ni is 
a unit vector because 

< Nr,N, >= 4 ^{x^r + 4 = ri + rl = l 

in any {x,y) G ^^-^(ri) x SP-^{r2). 

LetU = {U\...,UP,V\...,VP) := (C/S V*) be a tangent vector at 5*'-^(ri)x 
SP~^{r2) in any its point {x^,y^). Prom (7.19) we have 

<U,Ni>=—Y x'U' - - y y'V' = 

i i 

SO Ni is a normal vector field at 5^'~^(ri)xS*'~-'^(r2) in any {x,y) G SP~^{ri)x 
SP-^(r2), and (A^i, N2) is an orthonormal basis in T.-^^ ^^S'P"^rl) x SP-^(r2) 
in any point {x,y) G 5'^~^(ri) x S'P~^(r2). 

We have the induced structure {P,£,,u,a) on S^p~^{1) which was con- 
structed in (7.10), (7.11), (7.12), (7.13). In the following we find the induced 
structure on SP~^{ri) x SP~^{r2) by the structure {P, ^, u, a) on £'^^"-^(1), us- 
ing the propositions 5.1 and 5.2. Thus, we shall have a {Pq, ^q, ^'^ ,uq,u, (0^/3)) 
induced structure on the submanifold 5^~^(ri) x SP~^{r2) by the (P, ^, u, a) 
structure on S'^p~^{1). 

Using the relations (7.12) and (7.22) we have 

= Ti-^y- + -^v ) = (---) E ^'y' 

^-^ r2 ri ri T2 

We denote by A := ^ — ^ and by cr := a;*y*. Then, it follows that 

(7.23) u{Ni) = Xa 

Prom the equality (7.10), with i? = 1, we have 

p 

(7.24) = 2^x^^ = 2(7. 

i=l 

If we decomposed P{Ni) in normal and tangential components at SP~^{ri)x 
SP-\r2) in 52^-1 (1) we obtain 

(7.25) p(iVi) = {e,...,e,r]\...,vn+bNi 

where {$,^, ...,^P,r]^, ■■■,rf) is a tangent field at SP~^{ri) x SP~^{r2) and h is 
a real function on this submanifold. Using the equality (7.13) we obtain 
(7.26) 

p(Ni) = (-—y^ - Xax\ -—yP - XaxP, -x^ - Xay\ —xP - XayP) 
r2 r2 ri ri 
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Thus, from (7.22), (7.25) and (7.26), we obtain 
(7.27) 



i) e = X* - - Aax' 



Hence, from (7.27)(i) and using that Yl,i = (because {$,^, ^p, r]^, if) 
is tangent to SP'^in) x SP-^{r2)), we obtain 

, n ,r2 ri 2 

brir2 = a — ( jr^a 

r2 ri r2 

Furthermore, from + = 1 we have 

(7.28) h = -2(7. 

Prom (7.27) and (7.28), the tangential component at P{Ni) is 

(7.29) Co = {e,...,e,v\-,rf) := (r,V) = {^x^--y\-x'-^y'). 

rir2 r2 n rir2 

From uo{X) =< X,$,q > (where X = (X*,y*) is a tangent vector field 
of 5^~^(ri) X S^^^{r2)), we can find the 1-form uq- So, using X)jX*a;* = 
and y*?/* = 0, we obtain 

(7.30) uo{X) = ^ ^x^y^ - ^ 

We denoted by Pq the tangent component of the (1,1) tensor field P 
(defined in (7.13)) at SP~^{ri) x SP^^{r2). For the tangent vector field 
{X\...,XP,Y\...,YP) := {X\Y') at SP-^{n) x ^^-^^2), we have 

(7.31) Po{X\ ¥') = P{X\Y') - uq{X\Y')Ni 
Prom (7.13), (7.22) and (7.31) it follows that 

(7.32) Po{X\Y^) = (y^ - \{j2x^Y^>\X^ - (f^ 

On the other hand, from (5.11) we have 

C^ =< C, Ni>Ni = u{Ni)Ni 
and from (7.23) it follows that 

(7.33) e = XaNi = a{C4 " (4 " 1)^') 
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Prom C = ^ — ^ and using the relations (7.11) and (7.33) we obtain 

(7.34) ^T^^^._^^.^^._^^.) 

Prom (5.10) we can find the entries au = 021 of the 2x2 matrix A. Hence, 

(7.35) ai2 =< iVi >= u{Ni) = \u 



Therefore, from the relations (7.24), (7.28) and (7.35) we obtain the matrix 
•A. = {cLap) with its entries 

Oil = a = 2a, a22 = b = —2a, ai2 = 021 = Act 

which is 

("^) ^-{Z X) 

where A = ^ — and a = V,- x^y^. 

Consequently, from the corollary 5.1 we obtain the (-Pq; ^Oj ^uq, u, {uap)) 
induced structure on S'P~^{ri) x SP~^{ri) by the almost product Riemannian 
structure (P, <>) on E"^^, which is effectively determined by the relations 
(7.11), ( 7.12), (7.30), (7.32), (7.33), (7.36) and it is an (a, 1)/ Riemannian 
structure. 

Example 3. We suppose that the ambient space is the Euclidean space 
^2p+i ^j^^ Yet p be an almost product Riemannian structure defined by 

(7.37) P{x\...,xP,t,y\...,yn = {y\...,yP,t,x\...,xn 

We show that any hypersphere S'^'p{R) in E^P'^^ has a normal (a, 1)/ Rieman- 
nian structure. The equation of sphere S'^p{R) in a; = {x^, x^, t, y^, yP) := 

{x\y') is 

(7.38) {x^f + ... + (xPf + t^ + {y^f + ... + {yPf = 
where R is its radius. Then, we remark that 

(7.39) N = ^{x\...,xP,t,y\...,yP) 

is a unit normal vector on 5^P(i?) in any point x G S^'p{R). Prom this we 
have 

(7.40) PN = ^{y\...,yP,t,x\...,xn 



52 



Let {X^,...,XP,T,Y^,...,YP) be a tangent vector field on S'^p{R). Thus, 
from (7.39) it follows that 

p p 

(7.41) ^x'X' + tT + Y,y'Y' = 0- 

i=l i=l 

We decomposed PN in the tangential and normal components: 

(7.42) PN = ^{e,-,e,r,n\...,rf) + a-^{x\...,xP,t,y\...y) 

From the relations (7.40) and (7.42) we obtain j/* = ^* + ax*, t = t + a-t 
and = rf + ay'' (for i G {1, ...,p}), so 

(7.43) ^^ = y^-ax\ T = i(l-a), rf = x' - ay' 

But (^■'^, ...,^*',r, r/^, ...,?7*') must to be tangent on S'^*', thus it follows that 

p p 

(7.44) Y,x'e+r-t+Y,yw = Q 

i=l 1=1 

and from this, we obtain 

- a j^ix'? + t\l-a) + j2 xY - a j^iv'f = 

i=l 1=1 i=l 1=1 

and from this we have 

(7.45) a = ^^{2Y,xY + t') 



i=l 



From (7.43), we have 



(7.46) ^ = ^iy'- -^y" - - «)'^' - - ^y") 

where a was defined in (7.45). 

Using (7.46) in u{X) =< X,^ >, where X = {X^, ...,XP,T,Y^, ...,YP) 
is a tangent vector field on sphere, we have 



"(^) = ^ [(E y'^' + E + Tt) - a (^ (x^X* + y^r') + tT)] 



i=l 1=1 i=l 



and from (7.41), we obtain 



(7.47) <^) = ^ (E ^'^^ + E 2/^^' + 



R 

i=l i=l 
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Prom PX = PX -u{X)N we obtain 

PX = iY\...,YP,T,X\...,XP)-^{x\...,xP,t,y\...,yn 
Therefore, it follows that 

(7.48) PX = (Y'-^.'.T-^t,X<-^y'), 
for i e {l,...,p}. 

We verify that PX is tangent at S^p~^. Using the relations (7.48), we 
obtain 

< PX,N>= ±x^Y^-^±{xr+iT-^t)t+±y^X^-^±iyr 

i=l 1=1 i=l i=l 

= j^ix'Y' + tT + y^X^) - ^ Y.[{x'f + f + [y'f] = 
1=1 i=l 
P 

= + tT + y'X') - u{X) ■R = 

i=l 

thus < PX, N >=0 so PX is tangent sphere S'^p. 

Furthermore, if X and Y are tangent vector fields on sphere 5*^^, then 

< PX, Y >=< PX, Y >=< P'^X, PY >=< X, PY >=< X, PY > 

If y := {X'^,...,X'P,T',Y'^,...,y'P) is a tangent vector in any point x at 
sphere S'^^ then, from (7.50), we have 

(7.49) py = (y'^-!^x^T'-^^,x'^-^y^), ie{i,...,p} 

and from (7.48) and (7.49) we have 

< PX, PY >= Y,{Y' - ^^x'){Y" - 



i 

= J2iX'x" + TT' + Y'Y") + Y.^{x'f + + (yif) - 

i i 

' V ' 

_u{X)_ Y^^^iyH + ^j./ + yix'i) ^(x^y^ + tT + fx') 

i i 
V ' V ' 

R-u{Y) R-u{X) 
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Hence, we have 

< PX.PY >=< X,Y > -u{X)u{Y) 

for any tangent vector fields X and Y on 5"^^^^. 

Consequently, from the relations (7.45), (7.46), (7.47), (7.48) we have 
that (P, ^, u, a) is an induced structure on S'^^ by the almost product Rie- 
mannian structure (P, <>) from E^P'^^. This structure induced on S^p is 
a normal (a, 1)/-Riemannian structure, because the sphere 5*^^ is a totally 
umbilical hypersurface in thus, P commutes by the Weingarten oper- 

ator A. 



Example 4. Let M = £'^+'5' be the ambient space and we define an 
almost product Riemannian structure (P, <>) on the Euclidean space 
such that P : PP+« ^ and 

(7.50) Pix\ xP, y\ v^) = {x\ -y\ -y'^) 

We show that any hypersphere SP'^'^~^{R) in £'P+* has an (a, 1)/ Rieman- 
nian induced structure by P. 

We denote by {x^ , ...,xP ,y^ , ...,y'^) := {x^,y^), with i G {!,..., p} and 
je {!,..., q}. 

The equation of the sphere S'^+*~^(i?) in a point x = {x^, y^) is 

(7.51) {x^f + ... + {xPf + {y^f + ... + {y'if = 
The unit normal vector at sphere 5^+^~-'^(P) is 

(7.52) 7V = l(x\...,x^y\...,y^) 

for any point x = {x^,y^) G 5'^+^"-'^. Prom (7.50) and (7.52) we have 

(7.53) PN = ^{x\...,xP,-y\...,-yi) 

We denoted by {X\ X^, Y\ Y^) a tangent vector field at This 
is orthogonal on N, so we obtain 

P Q 

(7.54) ^x'X' + ^y'Y' = 

i=i j=i 

We decompose PN in the tangential and normal components: 

(7.55) PN = i(e\ ...,e,ri\ +a ■ ^{x\ ...,xP,y\ ...,y<i) 

' V ' 

£ N 
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Prom (7.52) and (7.54) we obtain 

(7.56) f = (1 - a)x\ rf = -{1 + a)y^ 

for any i £ {l,...,p} and j G {l,...,q}. 

Because (^^, ...,^P,r]^, .■.,r]'^) is tangent at SP~^'^~^, it follows that 

p Q 

(7.57) j2xr+Y.yw = o 

i=l 0=1 

Prom (7.56), we have 

i=i j=i 
and using the equality (7.51) we obtain 

(7.58) a = i_[^(^^)2_^(y.)2] 

i=i j=i 

Therefore, the matrix A, is reduces to a real function on 5'^+'J-i_ 
Prom (7.55) we have 

(7.59) ^ = ^((i_a)a;^-(l + a)y^) 

for i G {1, ...,p} and j G {1, q}. 

Using (7.59) in u{X) =< X,^ >, with X = {X^ , XP ,Y\ ...,Yi) 
tangent vector field of sphere, we have 

u{X) = ^ [(1 - a) ^'X^ - (1 + a) E y'Y'] 
i=i j=i 

and from (7.54) we obtain 

(7.60) uix) = hj2x'x'-j2y'Y') 

i=l j=l 

Let X = {X\ ...,XP, Y\ yP) a tangent vector field on sphere SP+I'^ 
Prom PX = PX - u{X)N we have 

PX = {X\ XP, -Y\ -Y^) - ^ix\ xP, y\ /) 
and from this we obtain 

(7.61) PX^iX'-H^.-.-Y'-^y') 
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for i G {1, ■■■,p} and j G {1, ...,(?}. Furthermore, PX is tangent at 5^+9 
because we have 

< px,N>= ij^x'x^ -j^y^Y^) - ^[jZi^r + jliv'?] = 

i=l j=l 1=1 i=i 

On the other hand, if X and Y are tangent vector fields on sphere S'p^^~^, 
then 

< PX, Y >=< PX, Y >=< P^X, PY >=< X, PY >=< X, PY > 

Let Y = {X'^, X'P, Y'^, Y'l) be a tangent vector in a point x = {x\y^) 
at sphere. Prom (7.61) we have 

PY = (X" - ^^x\ -Y'i - ^y^) 
for i G {1, and j G {1, ■■■,q}- Thus, we have 

< PX,PY >= ±{X^-^x^){X'^-'^x^)+±{-Y^-^yn{-Y'^- 

i=l j=l 

= (E + 1 ^'^") + ^^^^^ E((-^)' + il^y'f) - 

i j=l i=l j=l 
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(E -'x'^ - E y'y") (E - E y'^') 

i=l j=l i j=l 



R-u{Y) R-u(X) 

SO 

< PX,PY >=< X,Y> -u{X)u{Y), 

for any tangent vector fields X and Y on sphere S^"*"*"^. 

Consequently, the relations (7.58), (7.59), (7.60), (7.61) give the struc- 
ture {P,^,u,a) induced on the sphere S^^'^^^(R) by P from This 
structure is a normal (a, 1)/ Riemannian structure because, the sphere 
5^+9-1 is a hypersurface totally umbilical in £'^+5 thus, P commutes by 
the Weingarten operator A. 
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